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ABSTRACT 

We prove t h a t  any ergodic non-s ingular  t r ans format ion  is orbit  equivalent  

to a Markov odomete r  which is uniquely  ergodic. 

1. I n t r o d u c t i o n  

It  was proved by Henry Dye [D1], [D2] tha t  every ergodic measure-preserving 

dynamical  system (X, B, T, #) on a s tandard  measure space (X, B, #) is orbit  

equivalent 1 to the odometer  acting on an infinite product  measure space. More re- 

cently, Vershik, Livshitz, Lodkin and other collaborators ([VL], [LV]) have shown 

1 (X,/3, T, #) is o rb i t  equivalent  to (Y, C, S, v) if there is a bi-measurable mapping 
• : X --+ Y with p o (I) -1 and v mutually absolutely continuous, and which maps 

almost all T-orbits to S-orbits, i.e., for almost all x C X 

{ ~ T ~  x : ~ C Z } - -  { S ~ x  : ~ E Z} .  

This is the natural notion of equivalence between measurable dynamical systems. 
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that  the orbit equivalence may be achieved by a transversal mapping and in such 

a way that  the odometer action is an adic action on a Markov compaetum, which 

is moreover uniquely ergodic. In fact, Vershik's Markov compactum is the same 

thing in different language as the Bratteli diagram used in operator algebras ([B], 

[HPS]). The Vershik transformation is a natural generalisation of the odometer 

action. 

Krieger noticed that  Dye's theorem extends to the non-singular case, where we 

no longer have ~ = Tp,  but rather p ~ T#. In this case, p is defined to be ergodic 

if every T-invariant set is either null or co-null. In fact, Connes, Feldman and 

Weiss ([CFW], [OWl]) also showed that  the theorem is true when T is replaced 

by the action of any discrete amenable group. 

The original classification of ergodic dynamical systems up to orbit equiva- 

lence, into type [ (atomic spaces), type I I  (nonatomic spaces where there is an 

equivalent measure which is invariant under T) and type I I I  (nonatomic spaces 

where there is no equivalent invariant measure) was later refined by Krieger and 

Arald-Woods, who introduced the ratio set. This allows one to fllrther classify 

the type I I I  systems into type IIIx for 0 < A < 1. 

Krieger's Theorem ([Krl], [Kr2]) then asserts that,  up to orbit equivalence, 

there is a unique system of type IIIx for 0 < A < 1. Since one may exhibit a 

product odometer of each of these types, and since product actions are a fortiori 

Markovian in the sense of Vershik, one then sees for all actions, except for type 

IIIo actions, that  some analogue of Vershik's theorem holds, although the ques- 

tions of unique ergodicity have not, to the best of our knowledge, so far been 

addressed. 

In this paper, we will demonstrate an analogue of Vershik's theorem for all 

non-singular systems. Our main theorem states: 

THEOREM 1.1: Every ergodic non-singular dynamical system (X, B, T, #) on a 

standard measure space 2 is orbit equivalent to a Markov odometer. Furthermore, 

when considered as a G-measure, the Markov odometer may be taken to be 

uniquety ergodic. 

In order to make precise the meaning of this theorem, we will need to define 

a Markov odometer on a Bratteli Vershik diagram (section 2), and the notion of 

unique ergodicity (section 3). This is a weighted version of the traditional unique 

ergodicity (see Lemma 3.1). In the proof of our main theorem, a key technical 

2 A measure space is s t anda rd  if (X, B) is a standard Borel space and # is a a- 
finite measure on X. All measurable spaces will be assumed standard, and all 
measures a-finite. 
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idea is the notion of refinement of multiple ordered towers (see [Ha]), and a study 

of how this affects measures under which the towers are of constant Jacobian. 

This material  is explained in sections 4 and 5, and we believe that  it might have 

some independent interest. 

In particular, our theorem implies that  every system of type I I I o  is orbit equiv- 

alent to a Markov odometer. The study of type I I I  transformation systems has a 

long history. For a beautiful recent survey and simplification of the classification 

theorem, see [KW]. It  is known that  there exist type I I I o  systems which are not 

orbit equivalent to products ([Kr], [CW]), although there have been no explicit 

descriptions of Markov odometers which are not orbit equivalent to products. In 

a recent paper, the authors construct such an example ([DH1]). 

The unique ergodicity is a rather strong property. It  can be shown that  this 

can fail rather dramatically for general Markov measures ([DR]). 

These results generalise to the non-singular case the well-known Jewett-Krieger  

theorem, which states that  every finite measure-preserving system may be realised 

up to measure-theoretic conjugacy by a Cantor minimal system with a unique 

invariant measure. Recently, this result was strengthened by Ormes ([O]), who 

showed that  every finite measure-preserving Cantor minimal system may be re- 

alised in this way, so that  we have both measure-theoretic conjugacy and strong 

topological orbit equivalence. It would be interesting to find analogues of Ormes'  

theorem in the non-singular setting. 

The results of this paper  were announced in [Do], 
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Fellowship, and the second author is supported by JSPS Grant-in-Aid for Scien- 
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2. Brat te l i -Vershik  diagrams and Markov odometers  

In this section, we shall set forth the basic notation and properties of Bratteli 

Vershik diagrams. We take as our reference[HPS], in particular section 2 of that  

paper, which we regard as a nice exposition of the fundamental theory. 

Def in i t ion  2.1: Suppose we have a vertex set V and an edge set E,  such that  

V is a disjoint union of finite sets V (~), n > 0, and E is a disjoint union of 

finite sets E (n), n _> 1. We suppose that  E is equipped with source mappings 

s = Sn: E (n) -4  V (n-l),  and range mappings r = rn: E (n) --4 V (n). We assume 



96 A.H. DOOLEY AND T. HAMACHI Isr. J. Math. 

that  V (°) is a singleton, that  s - l ( v )  is non-empty for each v C V and that  r - l ( v )  

is non-empty for all v E V \ V (°). We assume that  E is equipped with a partial 

order so that  edges e and e' are comparable if and only if r(e) = r(e'). 
The sequence of pairs (V (n-l),  E (n)) together with the order > is called an 

ordered Bratteli-Vershik diagram. Given an ordered Bratteli-Vershik diagram, 

one defines Pt k to be the set of paths from V (k) to V (l), with the obvious order, 

range and source maps (see [HPS]). We define the associated space X = X(V,  E) 

of infinite paths as follows: 

x : : x n  • E r(x ) : v n  >_ 1 } .  

A partial order on the space X is defined to be 

x < y, if 3n >_ 1, such that  x~ < y,~, and xi = yi,Vi > n. 

Following [HPS] we will be considering essentially simple Bratteli-Vershik di- 

agrams. To define these, let Emax and Emin denote the set of maximal edges 

and the set of minimal edges, respectively. We then say that  a Bratteli-Vershik 

diagram is essentially simple if there is a unique infinitely long pa th  in each of 

Ema× and Emi,. In fact, a point of our construction is that  the diagrams we 

obtain are essentiMty simple (for suitable choices of ordering). 

Of course, here we are dealing with measurable dynamics, whereas [HPS] is 

dealing with topological dynamics. We can now define the Vershik transforma- 

tion, a version of the odometer for Bratteli diagrams. Note that  Vershik refers 

to this transformation as an ad ic  transformation. 

Definition 2.2: Let (V, E,  >) be an essentially simple Bratteli diagram, and let 

X : X(V,  E) be the pa th  space defined above. We define a topology on X by 

taking as a neighbourhood base the sets 

[f~ . . . .  , f k ] l  k ~- {(el,e2 . . . .  ) • X :  e l  = f l , e 2  -- f2 . . . . .  ek = f k } .  

These sets of course also define a a-algebra on X.  They will be referred to as 

cylinder sets. Let Cn denote the (finite) a-algebra on X generated by the cylinder 

sets of length n, and let C denote the a-algebra generated by all cylinder sets: it 

is the join of all the Cn'S. We shall also denote by 

[fro,. . . ,  fk]km = {(el, e2, . . . )  • X :  em = Ym, e m + l  : I r a + 2  . . . . .  e k  = Yk}" 

This is a finite union of cylinder sets. (We may also abbreviate this by [f]k.)  

We define T: X --+ X as follows. If Xmax is the unique maximal path, then we 

take T x ~ ×  = Xmin~ where x~i~ is the unique minimal path. If x is some path  
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which is not  the maximal  path,  then at least one of its edges is not  in Emax, 
and we may  choose such an edge in E (k), with the smallest possible k. Let this 

edge be Xk. Let fk  be its successor, let ( f l  . . . . .  fk -1)  be the unique finite pa th  

from V (°) to s ( f k )  each of whose edges lies in Emin, and let T x  = y, where 

Y = ( f l , . . - ,  fk, xk+l,  Xk+2 . . . .  ). T is known as the Vershik t ransformat ion of X.  

It  is easily seen tha t  T is an invertible t ransformat ion of X,  which is a homeo- 

morphism of X.  Hence it is bimeasurable. It  is well-known tha t  T reduces to 

the familiar odometer ,  for a suitable diagram. We will discuss this below, where 

we will show tha t  under certain conditions, we may consider T to be an induced 

t ransformat ion on a closed set of a full odometer  space. Notice tha t  in the 

above definition, we have used the hypothesis of essential simplicity in order to 

guarantee tha t  T is defined everywhere. In the absence of this condition, it may  

still be possible to define a Vershik t ransformation,  but  the details become more 

complicated (see [HPS] for some commenta ry  on this). A key observation in our 

proof  of Theorem 1.1 is tha t  we can choose the order on the Brattel i  d iagram we 

construct  so tha t  it is essentially simple. 

We now define the group of finite coordinate changes on X.  Set 

P°(v)  = (e i )  • x :  r ( e ~ )  = v 

and note tha t  each P~(v)  is a total ly ordered set. Thus, we may define a cyclic 

t ransformat ion S = Sk on pO by 

S ( x l  . . . . .  x k )  = ( y l  . . . . .  yk )  

where, if r is the least integer such tha t  x~ is not maximal,  the elements 

Y l , . . . , Y , r - 1  are minimal, Yr is the successor of  x,,, and (y~+~ . . . . .  Yk) = 

(xr+l  . . . . .  xk). If  all the xr are maximal,  then we take all the y~ to be mini- 

real. 

If  we extend Sk to a t ransformat ion on the subsets 

{(Xl . . . . .  xk, xk+l)  • P ° + l :  (xl . . . . .  xk) is not  maximal  } 

by letting 

S~,(xl . . . . .  xk, xk+l) : (Sk (x l  . . . . .  xk),  xk+l),  

then it coincides with S~.+1 on tha t  subset. I t  is clear tha t  the restriction of the 

Vershik t ransformat ion to pO is nothing but  Sk. 
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Definition 2.3: We denote by Fk the cyclic group generated by Sk. Further, for 

v E V (k), let Fk(v) denote the orbit {~/x : x C pO with r(x)  -- v and 3 ~ c Fk}. 

We let F denote the union of all the groups Fk. 

We shall extend the action of 9 E Fk to the whole of X by assuming that  it 

maps a pa th  of the form (el, e2 . . . .  ) to the path  (f l ,  f2 . . . . .  fk, ek+l . . . .  ), where 

3(el . . . .  , ek) = (f l  . . . . .  fk). 

In the case of the standard odometer, the group Fk is the group of finite 

changes of the first k coordinates. In general, it is easy to see that  the orbits of F 

coincide outside the maximal path, with the orbits of the Vershik transformation 

T; both are the set of paths which differ from the given one in finitely many 

edges. Since the Vershik transformation in general changes infinitely many edges 

in the maximal path, the T and F orbits of this path  differ. 

The above remarks show that,  as is the case with the full odometer, the dy- 

namics of T are, apart  from certain exceptional points, the dynamics of F. In 

fact, we shall not seriously use dynamics of the group F, but rather the orbits 

Fk('v) in section 3 below. 

A convenient combinatorial way of calculating IFk(v)l - -  or alternatively, the 

eardinality of P°(v)  - -  is given by the adjacency matrices M (n) of the Bratteli  

diagram. These are defined as follows. 

Definition 2.4: Let 

M!n)~,3 = # { e  E E (n )  : s(e) = i, r(e) = j } ,  ( i , j )  E U (n-l) X V (n). 

The integer matrices M (n) are called a d j a c e n c y  m a t r i c e s .  

The following result is now easy. 

LEMMA 2.1: The number of  paths  in pO with target v E V (k) is given by 

Irk(v)l = (M(1)M (2). . .  M(k))vo,~,. 

We now introduce our standard example to show how the usual odometer 

fits into this picture. In the future, we shall refer to this example as the full  

o d o m e t e r ,  to distinguish it from the Vershik transformation. 

Example  2.1: The odometer. For each n, we let V (n) be a singleton, and for a 

sequence {f .},  let E (') = {0, 1, 2 . . . .  Q - 1}. Then the Bratteli-Vershik space 

nmy be identified with the infinite product space X = Hi~__IZe. The Vershik 

transformation is then the usual odometer, and the group F is the usual finite 

coordinate change group of X. 
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Exampte 2.2: The  odometer  (again). The rather pleasant t reatment  of the 

odometer in Example 2.1 is not always the most convenient. A different eo- 

ordinatisation of the same space is as follows. Let {l~ } be a sequence of natural  

numbers with l0 = 1 and, for each n E N, suppose that  V (~) consists of/~ points, 

{0, 1 . . . . .  In - 1}. Define the incidence matrix M (~) to be the In-1 x In matrix 

all of whose entries are 1. Tha t  is, we assume that  every vertex at the n - 1st 

level is connected to every vertex at the nth level by exactly one edge. Thus the 

edges are indexed by pairs (i, j )  where 0 _< i < ln-I, 0 ~ j < ln. The order on the 

edges with common range j is simply the usual order on the set {0 . . . . .  /~-l}-  

It  is easily seen that  the Vershik transformation is indeed the usual odometer 

action on this space. The odometer as presented in Example 2.1 represents the 

odometer space as the t r a n s i t i o n s  of the present space. 

In general, there are a number of different possible presentations of the odome- 

ter. Given a general Bratteli-Vershik system, it is of some interest to understand 

when it is one of these representations of a full odometer. In order to analyse 

this, we introduce the notion of the symbolic adjacency matrix of a Bratteli  

Vershik system. A related notion of symbolic adjacency matr ix  has been used in 

the theory of sofic shifts ([LM], chapter 3). These matrices encode the order of 

the edges inherent in the definition of an ordered Bratteli-Vershik system. 

Definition 2.4: Let (K E) be an ordered Bratteli Vershik system, and for each 

w in V (~), let the edges in E ('~) with range w be indexed by the totally ordered 

set A~', ~). Define the s y m b o l i c  a d j a c e n c y  m a t r i x  

= ~ 

{XEA(~)~ :s(X)=v} 

for v E V 0~-1), 'w E V (') .  

This is a matr ix  whose entries are formal sums of elements of the totally ordered 

set A (n)~'. Note that  each column of A4 contains each element of A (n)~ once, 

parti t ioned according to their vertex of origin. 

We say that  two such column vectors are i s o m o r p h i c  if there is a bijec- 

tive order-preserving map between the corresponding totally ordered sets, under 

which the columns correspond. 

The following proposition is now clear: 

PROPOSITION 2.1: Suppose that  for each n, everv symbolic adjacencv matr ix  o f  

a Brat te l i -Vershik  sys tem has all columns isomorphic. Then the ~tvstem is a full 

odometer.  
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In fact, a general Bratteti-Vershik transformation space may be considered to 

be a closed subset of a full odometer space, and we are interested in understanding 

when the Vershik transformation is a (topologically) induced transformation of 

the odometer on this closed subset. In order to understand this, we must inject 

the system into an odometer in a way that respects the orders. This is also 

conveniently expressed using symbolic adjacency matrices. 

Definition 2.6: We say that  we have a n  o r d e r  i n j e c t i o n  from the Brat te l i -  

Vershik system (V, E) to the Bratteli Vershik system (V1, El)  if for each n, there 

is an injection ~?n: E (n) --+ E~ n) such that  

(i) if e C E (n-l),  f • E (n) with r(e) = s ( f )  then r ( ~ _ l ( e ) )  = s(~n( f ) ) ,  and 

A (n~)~l is an order-preserving injection of totally (ii) the mapping ~?n: A (~)w --+ "'1 

ordered spaces. 

(In the above definition, notice that  condition (i) implies that  ~n maps edges 

with common range (resp. source) to edges with common range (resp. source), 

so condition (ii) makes sense.) 

Given such an order injection, we naturally construct a mapping ~ from the 

path  space X to the path  space X1. This mapping is clearly continuous, and 

hence the image of X in X1 is a clopen subset. The issue that  requires further 

clarification is the relationship between the Vershik maps. We are looking for 

conditions under which the Vershik map T1 induces a map conjugate to T on the 

image of ~; that  is, for each x • X,  we would like to see whether ~(Tx)  coincides 

with T~(~x),  where k is the first return time k = min{m > 0:  T ~ ( ~ x )  • ~2(Z)}. 

In fact, under certain conditions, we may construct an order injection of a 

Bratteli-Vershik system into a full odometer as follows: 

Firstly, suppose A and A' are finite totally ordered sets, and ~: A -+ A' is an 

order preserving mapping. If I C A and J C A', we say that  ~ x e l  A < }-~x'6J A' 

if ~ ( I )  C J.  Note that  the order does not depend on the mapping ~. 

Suppose now that  we have two column vectors ~ and ~' of formal sums of 

elements of A and A', respectively. We say that. ( _< ~' if they have the same 

number of entries, n say, and for each 1 _< j _< n we have ~j < ~ .  

LEMMA 2.2: Let n • N. Suppose we have a finite collection of totally ordered 

sets, {Ai }, and, for each i, a column vector ~ with n entries, of formal sums of 

elements of Ai. Then there exist 

(i) a totally ordered set A, 

(ii) for each i, an order-preserving injection ~i: Ai --~ A, 

(iii) an n-vector ¢ of formal sums of entries of A, 
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such that ~i <_ ~ for all i. 

Proof: The proof, a simple induction, is left to the reader. | 

Now suppose that  (V, E) is a given Bratteli-Vershik system. Define the system 

(V, E) as follows: 

For each n, starting from the totally ordered sets A (~) and from the columns 

of the symbolic adjacency matr ix  A/l, use the Lemma to choose a totally ordered 

set A (n) and a single vector ~(n) which is greater than or equal to all the columns 

of M .  

Set V(~) = V (~) and let the symbolic adjacency matr ix  of (V,/~) be given by 

.]~ -.~ ( ~ ( n ) ~ ( n )  . . . . .  ~(n)) .  

PROPOSITION 2.2: Suppose that there is an order injection of  an essentially 

simple Bratteli-Vershik system X into another X °. Suppose further that this 

injection maps the infinite minimal path of  X to the infinite minimal path of X ° 

and the infinite maxima /pa th  of X to the infinite mo,,hmal path o f X  °. Then the 

image of the space X is a dosed subset of X °, and the Vershik transformation T 

on X is conjugate to the induced transformation of the Vershik transformation 

T o on X °. 

Proof: The fact that  we have taken an order injection of one system into another 

ensures that  the induced transformation is conjugate to the transformation T on 

the image of X in X ° on all paths except perhaps the maximal path, where an 

infinite number of edges might be changed. The assumption that  the maximal 

pa th  of X ° is included in the image of X now guarantees that  the induced action 

coincides everywhere. | 

We shall use the following condition in section 6 to show that  the transforma- 

tions we produce are induced transformations of a full odometer. 

COROLLARY 2.1: Suppose that X = X(I. :  E) is a Bratteli Vershik space such 

that ever)" vertex set V (n) contains two different vertices v,~, t,~ with the prop- 

erty that every minimal edge in E (n+l) has source t,,~ and every maximal  edge 

/ Then X can be embedded as a topologically induced in E (n) has source ~,~. 

transformation in a full odometer space. 

Proof: It  suffices to notice that,  under the hypothesis given, the order injections 

~i: Ai --+ A can be chosen such that  Pi sends the maximal (resp. minimal) element 
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to the maximal (resp. minimal) element of A, and hence the assumption of the 

Proposition is verified. | 

The above Proposition and Corollary indicate that many Bratteli-Vershik sys- 

tems (including the ones we shall construct in section 6) are familiar objects 

in ergodic theory: topologically induced transformations on closed subsets of 

odometers. Note that the proof is entirely topological; we have not so far dis- 

cussed measures on X. We now proceed to do that. In particular, we would 

like to define a family of measures on X which generalise the traditional product 

measures on infinite product spaces. 

In general, notice that T is a measurable transformation of the measurable 

space (X, C). A measure p is quasi-invariant for T if tt and T# are equivalent as 

measures. The dynamical system (X, C, p, T) is a generalisation of the traditional 

odometer action on an infinite product space. The simplest kinds of measures 

one may define on these spaces in general are Markov measures. In some cases, 

they reduce to traditional infinite product measures. 

Definition 2.7: Markov  measures. We say that a matrix 

{P,(?2}(v x 

is a s t ochas t i c  m a t r i x  if it satisfies the following two conditions: 

(i) p ?2 > o ¢ ,  s (e)  = v.  

(ii) v~ P('~) Z_.{eEE(n):s(e)=v} v,e --~ 1 VV E V (n - l ) .  

Given a sequence P(n) of stochastic matrices and a probability measure uo on 

V (°) such that 

uo(v) > O, Vv ~ V (°), 

we define a measure g on cylinder sets by 

~([e l ,  e 2 " ' "  gn]1) = / / ' 0 ( 8 ( e 1 ) ) P ~ : l  ,,el P ~ : 2 ) , e 2 " "  p(n) ,(e.)#~" 

A measure defined in this way is called a M a r k o v  m e a s u r e  and the dynamical 

system (X, 13, T, p) is said to be a M a r k o v  o d o m e t e r  if p in addition satisfies 

the following two conditions: 

(M1)  For almost every 3", there exists an integer n > 1 and a block Y l Y ~ " "  Y,~ 

such that xn < Yn and P([YlY2 n+l "" "ynOCn+l]l ) > 0. 

(M2)  For almost every x, there exists an integer m >_ 1 and a block z l z 2 . . ,  z,~ 

such that zm < Xm and #([ZlZ2 "-" z~Xm+l]~ +1) > 0. 
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We note tha t  a Markov odometer  T is invertible, and has the proper ty  tha t  

= sup{/>_ 1 : ( T x ) i  ~ x i} < oc, a .e .x .  Furthermore,  T is non-singular; in fact 

p(2) . . .  p(n) 

d# 
s(-r2),x2 s(z~),x,~ 

where Yi = ( T x ) i ,  1 < i < n.  

E x a m p l e  2.3: T h e  o d o m e t e r  r ev i s i t ed .  It  is easy to describe the Markov mea- 

sures on the odometer  space presented in Example 2.1. In fact, all of the sets 

V (~0 are singletons, so in particular,  u('v0) = 1, and the stochastic matrices p(n) 

are just  vectors depending on the edges. The Markovian condition (ii) ensures 
p(k) 

tha t  the entries of these vectors sum to 1. Hence, we can think of rh.({e}) : = ,  ~,k,~ 

as a probabil i ty measure on the set of edges E (k) = {co . . . . .  eek-1}. A Markov 

measure on this Brattel i  d iagram is thus exactly the tradit ional  infinite product  
OO 

m e a s u r e  @ i = 1  ?]i' 

In fact, if we change our presentat ion of the odometer  just  a little, the notion of 

Markov measure changes too, and we no longer stay within the confines of prod- 

uct measures, as is shown by the coordinat isat ion of Example 2.2. In fact, in tha t  

coordinatisation,  the entries of the stochastic matrices are indexed by pairs of 

vertices, and we may write P~e)),e = ~('~) rs(~),,.(e). Thus p(n) is an ln-1 x In matrix,  

all of whose entries are positive, and whose rows sum to 1. The measure of a cylin- 

der set [Vl, ., vn]~ is then given by the product  (1) (2) p(n) • . u ({vo})P~o,~lPi , , , v2""  ~_~,~,,~. 

This is not  a product  measure unless the P matrices are independent of their 

first indices, tha t  is, all rows are the same. If this is the case, then we may 

let p(n)({y}) = ~ ~,~+l,y, and the Markov measure equals the infinite product  

In general, this description of Markov odometers  as measures whose values 

depend on successive pairs of vertices of elements of X,  is valid whenever the 

diagram has the proper ty  tha t  there is at most  one edge between two successive 

vertices (i.e., the adjacency matrices have all entries 0 or 1). In this case, the 

entries of the P-mat r ices  correponding to non-zero entries of the M-matr ices  must  

be non-zero. The notion of a product  measure is defined only if every vertex in 

V (n-~) has the same number  of successors, and there is exactly one edge between 

them. Tha t  is, we have E (~) = V (n-l)  x V (n). In this case, we have a product  if 

and only if P¢~) is independent of i. 
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3. T h e  G - m e a s u r e  formal i sm 

The G-measure formalism ([BD]) has proved useful in analysing the structure of 

measures on the classical odometer space. In this section, we shall adapt  it to 

the setting of Bratteli Vershik systems, and apply it to Markov measures. 

Definition 3.1: Let X = X(V,  E) be the space associated to an ordered Bratteli 

diagram with Vershik transformation T, and let # be a T-quasi-invariant measure 

on X.  For a fixed k, define the tail measure #(k) by setting, for n > k, 

1 
# (k) ( [a l , . . . ,  an]?) - Irk(r(ak))l ~ #(k)(7[al . . . .  , an]?). 

~Erk 

(Notice that  the action of Fk was defined so that  the summation above is over 

all cylinder sets [ x b . . . ,  Xk, ak+l , . . . ,  an]r~ with r(xk) = r(ak).) 

It  is then easily seen that  p(k) is a Fk-invariant measure which is equivalent to 

#. We denote by Gk the Radon Nikod~m derivative dp/d#  (k). 
Similarly, we denote by gk the Radon-Nikod~m derivative dp(k-1)/d# (k). 

It  is then clear that  the function Gk satisfies 

1 

Irk(r( k))l 1 
3'EFk 

for all infinite paths a E X.  

Furthermore, Gk (a) = gl (a)g2 (a ) . . .  gk (a), where for each i, gi satisfies the two 

conditions: 

(i) (invariance) gi(a) is independent of ( a0 , . . . ,  ai-1), and 

(ii) (normalisation) 1 IE(')(v,w)f E{eEE(')(v,w)} g i (a l , . . . ,  ai-1, e, ai+l , . . . )  = 1. 
Here, v denotes r(ai-1), w denotes s(ai+l), and E(O(v,w) denotes 

{e e : v , , ' ( e )  : w}.  

Definition 3.2: A family of flmctions {gk} satisfying conditions (i) and (ii) above 

is called a n o r m a l i s e d  i n v a r i a n t  fami ly .  The corresponding sequence of func- 

tions G = {Gk} is called a n o r m a l i s e d  c o m p a t i b l e  fami ly .  

A measure # on X satisfying 

Gk = dp/d#  (k) 

is called a G - m e a s u r e .  

I t  is clear that,  for a fixed normalised compatible family G, the set of G- 

measures is a convex set inside the set of all T-quasi-invariant probability mea- 

sures. Moreover, it follows easily (as in[BD]) that  the extreme points in this 

convex set are T-ergodie. 
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Furthermore, the existence of G-measures is clear: 

LEMMA 3.1: Let {Gn} be a normalised compatible fami/y and let {u n} be any 

sequence ofr~ quasi-invariant probability measures on X .  Then any weak* limit 

of the sequence {#n} defined by 

is a G-measure 

Z Z/n o 7) 

The easy proof is given in [BD]. 

We single out for special attention the case when there is just one element in 

this convex set. In this case, the unique G-measure, # say, is T-ergodic, and we 

say that  we have a u n i q u e l y  e r g o d i e  G - m e a s u r e .  

This condition generalises the traditional notion of unique ergodieity for 

homeomorphisms to the non-singular setting. The following result generalises 

Proposition 1.6 of [BD] from the odometer to the cadre of Bratteli  diagrams. 

PROPOSITION 3.1: Let G = {Gn} be a normalised compatible family of 

continuous functions. The following are equivalent. 

(i) There is a unique G-measure - -  which is therefore T-ergodic. 

Vk(Tx)f(Tx) 

(ii) For every f C C ( X )  the sequence 

1 
A k ( f ) ( x ) -  Irk(r(xk))l  

"yEFk(r(xk)) 

converges uniformly to a constant. 

(iii) For every f C C ( X )  the sequence 

1 
A k ( f ) ( x ) -  [rk(r(xk)) I Z 

~Er~(r(xk)) 

converges pointwise (for every x E X )  to a constant. 

Proof." Notice that  we can write An( f ) ( x )  as 

~,EF~ 

where ~,, is the Dirac measure at ~'. 

Thus for a fixed x or for xn depending on n, we have the format of Lemma 3.1, 

and any weak* limit of the sequence of linear functionals &(z)(f) = & ( f ) ( x )  

will be a G-measure. 
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If  (i) held, but  (ii) did not, and if convergence did occur, the limit would 

necessarily be f fd#, so by our assumption,  there would exist f ~_ C(X), e > 0 
and a subsequence (ni) such tha t  

IA,~(Xn~)(y) - / f d p f  > ~. 

We could then obtain a G-measure different from # by taking any limit point 

of the sequence of measures An~ (xn~). 
Clearly (ii) implies (iii), so let us show that  (iii) implies (i). 

We know tha t  for any fixed x, An(x) converges to a G-measure #x, and for 

each fixed f ,  tha t  the limit #x(f) is independent of x. In other  words, there is a 

G-measure # such that  

limAn(x)(f)n = f fd/t 
for all x C X.  

By the bounded convergence theorem, we have for any probabil i ty measure 

u c M ( X ) ,  

Suppose now tha t  u is a G-measure.  Then we have 

1 
f An(f)(x)du= f ]Fn(r(xn))l ~ Gn(TX)f(~x)du(x) 

~er,(r(x~)) 

= / Gn(x)f(x)dun(x) = / f(x)dv(x). 

We have shown that  u = #, and this completes the proof. | 

We now show how to compute  the G-functions for Markov measures, and 

particularise Proposi t ion 3.1 to tha t  setting. 

Suppose that  we are given the da ta  of Definition 2.5, tha t  is, a Brat tel i -Vershik 

space X(V, E),  a probabil i ty measure u0 on V (°), and a sequence of Markov 

matrices (p(n)), whose entries P(~) ~,~ are indexed by v E V (~-l) and e C E (~}. We 

are thinking of the P-matr ices  as t ranspor t ing the measure v from one coordinate 

space to the next. Thus it is natural  to define 

{eEEk+l:r(e)=v} 
Actually, using a slight abuse of notat ion,  we are going to write u(v) instead 

of u({v}). 

Given this notat ion,  we may now state: 
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PROPOSITION 3.2: Let  e = ( e . ) n > l  E X and k _> 1. Then: 

(i) P(k)([e~'+ 1' "" " '  (~n]~'-t-1) - -  ]Fl:~'tt')] lff~-I-l(W)Po(~e~kl~-)l " " • p(Tt)8(en),en, w h e r e  ,~J~ = 

(ii) Gk(e) ~ ~ ~ -o(~(~I))D(1) . . . p ( k )  = lkIJ l . t :k}}  ~ l s ( e l ) , e l  s(ek),ek" 

(iii) gk(e) - Irk(w)l ,~(v____A p(k) where s(ek) = v and r(ek) = w ( =  s(ek+l)).  Irk(v)l ~k+l(w) v,ek, 
(iv) Let f C C ( X ) .  Then 

1 • P(~') ~ x  d~,(f)(e)  - L'k(w) E v°(s(xl))P~()~)l),-~l "' ~(~k),~k J t  1 . . . . .  Xk, ek+l, ek+2 . . . .  ), 

where ,w = s(ek+l) = 'r(ek) and the sum is over all x C pO with r(x)  = w. 

Proo£" Let w = s(ek+l). Then 

K--" 
,(k)(q,[el , . .  • en]~ ~) = (u~p(k+l) ..p(*~) 

"~EFk 

where we note tha t  the smnmat ion  is over all cylinder sets 

[Xl  . . . . .  

with r(xk)  = r(ek). 

Hence, 

1 v iw~p(k+l) ..pO~) 
"(k) ( [C1 . . . . .  ¢ n ] ~ ) -  i r k ( w )  ~ k+l\" ) w,ek+l"  s(e~),e~" 

Now (i) follows• 

Further,  note tha t  

. ( [ e l , . . _ .  ,_ek-I- 11 lk+l ) 
Gk(C ) : (e)  : . ( k ) ( [ C l  . . . . .  e k + l ] l k + l )  

and tha t  
d . (  k - 1  ) . ( k - l )  ( [e l  . . . . .  ff k..t_ 1 ] 1 k + l  ) 

gk(e )  - d.(K. ) (e)  ~- . ( k )  ( [e l  . . . . .  ek_b 1] lk-[- 1 ) " 

(ii) and (iii) now follow, and (iv) is an easy consequence of (ii). | 

In Proposi t ion 3.2 (iv), the expression for Ak( f ) ( e )  may be interpreted as 

E~ [flCk](e~,+l, ek+2,. • •) 

where C k is the a-algebra generated by the Fk-invariant sets. 

We now give a sufficient condition for uniqueness, which we shall actually use in 

section 6. This condition should be compared with the Lipschitz-type conditions 

of [BD]. 
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Definition 3.3: We shall say tha t  a Markov measure  is u n i q u e l y  e r g o d i c  if it 

is uniquely ergodic when considered as a G-measure  

PROPOSITION 3.3: For each k and for v E Vk-1, w E Vk, let 

1 

O(k)(v'w) uk(w) (xeE~:~(~)=~,r(~)=wt ~'~" 

Then i f  max~v~_~,wEU~ IO(k)(V,W) -- 11 --~ 0 as k -+ oc, we have a uniquely 

ergodic Markov measure.  

Proof'. Firstly, notice tha t  for any continuous function f ,  and for any e > 0, 

there exists m > 0 and a continuous function f0, so tha t  fo(e) depends only on 

(e0, • • •, e~ ) ,  and  11 f -  fo l l~  < e. By  the normal isa t ion  condit ion on the  functions 

Gk, we then  have for all k, IIAk(f) - A k ( S 0 ) l l ~  < e. Hence, it is sufficient to 

prove tha t  the sequence Ak ( f )  converges uniformly under the assumpt ion  tha t  f 

depends only on the coordinates  1 , . . . ,  m. 

Now if k >_ m + 1, then 

E t t ( S ) - A k ( f ) ( x ) =  EEpo(s(e l ) )PJ~:l ) ,e  ""P(k,-1), f ( e l , . . ,  era) 8 ( e k _ l ) ~ e k _  1 
1 2 

1 
.k(~r(xk)) E El lo(s(e l )  )P(s:2~),e, "" P(k-1)s(e,-i),e,-, : ( e l .  "' ' ,  era) ~'~ v,e 

1 2 3 

= E E "°(s(eI))Ps(::,>,e, " '"  Ps(gek 1-), ) ,e,-,  : ( e '  . . . . .  e r a ) { 1 -  O( ' ) ( v , r ( xk ) ) } ,  
1 2 

where the subscript  1 indicates t ha t  the sum is over v E V (k- l ) ,  the subscr ipt  

2 tha t  the sum is over e E P°(v) ,  and the subscript  3 tha t  the sum is over 

e E E(k)(v,  r(xk)) .  Hence, 

IN ,  U )  - &( f ) ( z ) l  < [E,~[ f ] l  • m a x  IO(k) (v .  w )  - 11. 

This completes  the proof. I 

More generally, for v E V (n) and w E V (m), n < m, let 

O(V,W) ~- o(n'm)(u, W) 1 E p(n) ...p(m) 
" - -  V~Xn S(Xrn ) , X m  " 

Ym(W) {xep~ :.~(x)=v,r (x)=w t 

By considering a contract ion of the Brat te l i -Vershik  diagram,  we have as an 

immedia te  consequence: 
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COROLLARY 3.1: Suppose that there exists a stictly increasing sequence (Nk) of 

integers, s~zc'h that 

n l a x  Io(N~:'Nk+a)(V, w) - 11 -+ 0 as k -+ oo. 

Then there is a uniquely ergodic Markov measure. 

4. O r d e r e d  m u l t i p l e  t o w e r s  

We are going to construct a Bratteli diagram inside any ergodic non-singular 

dynamical system. This will be done by using tower constructions. In this 

section, we will give a careful definition of a tower, and of a nmltiple tower. The 

notion of ordered tower defined below was called an a r r a y  by Krieger. 

Throughout this section, we assume that  (X, 13, #, T) is an ergodic non-singular 

transformation with p(X)  < oc. In fact, without loss of generality, we may 

assume that  # is a probability measure on X. 

The towers will be constructed from partially defined transformations of X, 

that  is, invertible measurable mappings ¢ both of whose domain Dom(~) and 

image -~(¢) are sets of positive measure. 

IT]. is the set of all partially defined transformations ¢ satisfying 

¢x E OrbT(x),  a.e. x E Dom(O), 

where OrbT(x) = { T n x : n  E Z}. 

Recall that  the full g r o u p  IT] of T is the set of elements of [T]. whose domain 

and range are both  all of X up to a null set. 

Definition 4.1: Let A be a set of positive measure in 13 and 7 ) = {Am : ~ E A} 

be a finite parti t ion of A by measurable subsets Am E 13, where the index set 

A is a finite totally ordered set. Suppose that  for each pair a,/3 E A, we are 

given partially defined transformations ~. /3:A3 --~ Am, belonging to IT]., which 

satisfy: 

(i) ~ , ~  = IdlA~, and 

(ii) ~ , 3 ~ , z  = ~a,~. 

Then we shall say that  the collection ~ = {~,~  : c~,/3 E A} is an o r d e r e d  

t o w e r  o f  A .  

For ease of notation, we will consider ~ as the pr imary object, and will denote 

the parti t ion P by 7)(4) and the sets Am as 7)(~)~. Similarly, we write A(~) = 

A, supp(5) = A 
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An ordered tower always has an a s s o c i a t e d  t r a n s f o r m a t i o n  S = S(~) c [T]. 

defined by 

S x  = ~ , ~ x ,  x E As  

where 

Notice tha t  if c~ is maximal,  then S is not defined on P ( ( ) , ,  and tha t  if a is 

minimal,  then S -1 is not  defined on P(~)~. 

The orbit of x E P ( ( ) ~  under S, Orbs (x)  = Orbs(x) ,  is given by 

{~,,~x :/~ C A}. 

A measurable subset E C supp(~) is said to be ~-invariant if Orb¢(x) C E for 

a.e. x C E .  

It  should be apparent  to the reader tha t  the s tructure of an ordered tower is 

not  unlike tha t  of a set of edges in a Bratteli  d iagram with a common  range. 

An  impor tan t  tool in defining our Markov measures will be the concept of a 

measure of constant  Jacobian. 

Definition 4.2: We say tha t  a tower ~ is of c o n s t a n t  J a c o b i a n  with respect to 

# if ~ (x) is a constant  independent of x for a.e. x E AZ. 

Actually, we can identify the constant  in Definition 4.2. I t  is given by 

d~a,Z# (x ) = # (As )  
- ~  #(A~)" 

We now wish to define the concept of a multiple tower: this will eventually 

become a set of vertices V (n) in a layer of our Bratteli  diagram. 

Definition 4.3: Let ( (") ,v  = 1 , . . . , m ,  be a finite collection of ordered towers, 
~(v) ~(v)  = tsmZ : a , ~  E A(V)}, such tha t  the sets supp(~(v)), 1 < v < m, are disjoint. 

Define 

h = {c~v : t < v < rn, c~ C A (v) } 

and define a partial  order on A by 

av < a' v' i f v = v ' a n d a < a ' .  

We call the collection 

= : 1 < v < m }  

an o r d e r e d  m u l t i p l e  t o w e r .  
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As we did in the case of a single tower, we wish to regard ~ as the principal 

object, and so we establish the following notation. 

P(~) ={P(~)~ : a E A(~(~)), 1 < v < m}, 
Wt 

supp(~) = U supp(~(v))' 
v : l  

Orbs(x) = Orb~(,,)(x), if x E supp(~(v)), 

__~(v) A(V) ~c~v,m,x --~,~,flx if c~, fl E and x E :P(~(~))~, 

A(~) =A. 

A union of ~(v)-invariant subsets is a (-invariant set. 

We likewise define the a s soc i a t ed  t r a n s f o r m a t i o n  o f  ~ to be the partially 

defined transformation obtained by taking the associated transformation of the 
((v) on each supp(~(v)). 

If # is a measure on supp(~), we say that ~ is of constant Jacobian (for IL) when 

every ~(v) is of constant Jaeobian (for #). 

Example 4.1: Let X(V,  E) be a Bratteli Vershik system, and fix an integer n. 

Then V (n) provides the index set for a multiple tower ~, made up of the towers 

~(~') = {e E po : r(en) = v}. The associated transformation of ~ is exactly the 

Vershik transformation (restricted to Pn0), except on the top level. Furthermore, 

a sequence of stochastic matrices p(n) provides a measure p of constant Jacobian 
for ~ such that 

~ * ( b  t ) { {  ~ D (  1 ) p(n) 
. . . .  

a P(x) = "0(s(fll))P}~f~,),& . . . p (n )  
s(& ),/~, 

where x E [fl]?. 

5. Ref inements  of  mult iple  towers 

The proof of our main theorem will use a notion of refinement of multiple towers. 

This will be done in section 6, using successive applications of Rokhlin's Lemma. 

The key idea is to take a union of layers, one from each of the towers in our 

collection ~, and refine the partition arising from the fact that the supports of 

the individual towers in ~ are disjoint. We will see how this gives rise to a new 

multiple tower, which we shall call a refinement of ~. 

In terms of Bratteli diagrams, this procedure can be thought of as creating a 

new set of vertices "underneath" the layer provided by ~. 
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Throughout  this section, we let ~ = {~(1) . . . . .  {(n)}, {(v) =ts~ (v)a,/~: c~,/3 E A(V)}, 

be an ordered multiple tower of X.  For each v, we let a((') E A (~') be the minimal 

element. 

Given these choices, we let E(v )  = P(~(~'))~(v), and E -- (.J:=l E(v) .  

The  reader might find it helpful to think of the sets E(v)  as the base sets in 

the towers ((v), and of E as their union. 

Clearly the sets E(v)  form a par t i t ion of E .  The other piece of da ta  which 

we will need for the construct ion is an ordered multiple tower ~ of E such tha t  

the par t i t ion P(~)  of E is a refinement of the par t i t ion induced by the E(v) ' s .  

Actually, we need something slightly less; it is sufficient tha t  the support  of ~l be 

a subset of E of positive measure, and tha t  the par t i t ion P(~)  be a refinement 

of the par t i t ion of supp(~) given by {E(1) M supp(~/) . . . . .  E (n )  M supp(~)}. 

The reader may think of y as a tower which "cuts across" the base level of the 

towers ~(~). 

We will denote ~ as {~(1), .. ., ~(m)}, ~l(w) = !.'q~,~" (~v) : e, (f E A(W)}. 

Wi th  these da ta  established, we may now define the refinement ~ of ~ induced 

by ~. 

Definition 5.1: Let ~, a(*') and ~ be as above. 

Define the ordered multiple tower ~ = {~(~) : 1 _< w _< m} as follows. 

(i) The support  of ~ is the {-invariant set U~'*,=I [.J~eh(,'l ~Z,~("/(supp(T/)). 

(ii) The  index set is given by 

A(¢ (~}) = {five: 1 < v < n, /3 E A({{~)),e E A(V<w)),P(~(w}){ C E(v)}.  

(iii) On each A(~(~)), we take a total  order, defined as follows: 

For five,/3~v~{ ~ E A(~ (~')), 

/3'v{ </3~v'{ ~ if either (1) ~ < {~, or, (2) e = e ~, v = 'v ~ and/3  < L~'. 

(iv) Pu t t ing  

A(~) (v) 

the part ial ly defined t ransformations of [T], are given by 

r(w) -~ (~)  for a(~}vh, c~ (~' )v e E A(~(~)), 
~ a ( V ) v h , a ( , J ) v ~ e -  5,{ 

((~) - ' (~")  for gv'{, a(~")v'~ E A(¢(~)), 

~(w) _~(w) . ~(w) [r(w) ~-~ 
13vh,q~t,'e --"~v&o~(V)v5 "o~(V)vh,o~(v~)v~ e " \%-~w~{,alpha(Vt)v~e) 

(v'} for 3vS,~/v~e,a(V)vS, a v e E A(~(~)). 
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These da ta  uniquely determine an ordered multiple tower ¢ = {~(a) . . . .  , ~(.~)}, 

where ¢(w) = t~m,5,~,eSr(w) : /}v& "~t,'e E A(¢(w))}. 

We call the multiple ordered tower < the r e f i n e m e n t  o f  { i n d u c e d  b y  71. 

This definition is somewhat  standard,  and is indeed similar to Definition 1.1 

of [VL], where it is applied to measure-preserving systems. 

Our next task, and in some senses the main novelty of this section, is to see 

what  effect refinements of multiple towers have on measures. In fact, we will see 

tha t  the prescription of measures of constant  Jaeobian for the two towers gives 

rise natural ly  to a stochastic matr ix  P .  

PROPOSITION 5.1: Suppose that the ordered multiple tower ~ is of  constant 

Jacobian with respect to t~ and tha t  there is a measure u on E,  equivalent to p., 

and under which ~ is of  constant Jacobian. 

Then there is a unique measure p on supp(¢), equivalent to p, satisfying the 

following conditions: 

(i) p = u on the set supp(¢).  

(ii) p is of  constant .Iacobian for <. Indeed, for/3,,6, "~v'e C A(< (w)) and x E 

A(,,,) ~,,,~ we have 

d-(V) 

do 
Proo£" In fact, it is easily seen that  p(IV) must  be defined for a measurable 

subset W of )o(~(~,))~ by 

Proposi t ion 5.1 implies tha t  

~# du (e(v) aq 

We shall write p = ltu and call it. the M a r k o v  e x t e n s i o n  o f  t h e  m e a s u r e  # 

b y  t h e  m e a s u r e  u. 

We now continue to make the link with Bratteli  diagrams. At the end of  

section 4, we saw how a multiple tower could be thought  of as a set of vertices of 

a Bratteli  diagram. We now see how a multiple tower together with a refinement 

of tha t  tower can be thought  of as two successive layers of a diagram, and we 

see how the Markov extension of a measure as introduced in Proposi t ion 5.1 

natural ly induces a stochastic matrix.  
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In fact, maintaining the nota t ion of Definition 5.1 and Proposi t ion 5.1, one 

defines an adjacency matr ix  M and a stochastic matr ix P as follows. Firstly 

let V = {1 . . . .  ,m},  V' = {1 . . . .  ,n}  and E = um=i  A(~(w)). Recall tha t  each 

A(U (w)) is a total ly ordered set. The source mapping  s: E --+ V and range 

mapping  r: E --~ V ~ are defined for e E A(((w)) by 

s ( e ) = v  and r ( e ) = w ,  

where P(rl(w))~ C E(v) .  For 1 < v < m and 1 < w < n set 

M~,w = #{~: v(v(w))~ c E(v)}  

and for e e A(~ (w)) with p(y(w))~ C E(v), 

,4v(,/w)h) 
P~'~- ,4E(v)) 

Definition 5.2: We call M the a d j a c e n c y  m a t r i x  and P the s t o c h a s t i c  

matrix associated with 4. 

LEMMA 5.1: The above definitions are consistent with the statement that V and 

V ' are two successive sets of  vertices o fa  Bratteli-Vershik diagram, that E is the 

edge set between these sets of vertices, that M is the adjacency matrix,  and that 

P is a stochastic matr ix  in the sense of  Definition 2.5. 

We can now calculate the expression {3(v, w) of Proposi t ion 3.3 for the Markov 

matrices in the extension of a multiple tower. In fact, we have: 

PROPOSITION 5.2: In the notation of this section, let ~ be the refinement of  ~ by 

~] and the measures p, u and p~ and the stochastic matr ix  P be as above. Then 

for v E V and w E V',  we have 

#v(supp((w) 71 supp(~V)) 
O(v, w) = pu(supp(~W))p.(supp(~V)). 

Proo f  By definition, 

1 u(P(r/(w))x) 
°(~)(~',~) - ~,,~(~) Z .(E(~)) 

{xCEk :s(z)=~,,r(x)=w} 

1 u(supp(~ w) N E(v))  

p,(supp(~W)) u(E(v))  
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Since ~(v) is of constant Jacobian, 

(v) (w) #(supp((0~)) N supp(~(~))) =#~(U~,~ , , ) ( supp(~  ) N E(v)))  

= E CZp'(supp(<(w)) gl E(v)) 

= E C/3#" (supp(~I(w)) fl E('v)), 

for some constants CZ > 0. 
Similarly, p.(supp(~ (v)) = ~ Z  CZ#,~(E(v)). Hence we have 

v(supp(r/w) I'1 E(v)) p(supp(((w)) 7/supp(~(v))) 

u(E(v)) p~(supp(~(~))) 

This completes the proof. | 

The statement that O(v, w) is close to 1 can thus be seen as a kind of weak 

independence condition for the measure p .  with respect to the supports of ( 

and ~. Note that this condition in no way implies that the individual edges are 

independent. The condition is a natural analogue of the statement in classical 

Perron-Frobenius theory that one long block of transitions is ahnost independent 

fi'om another subsequent long block. (Indeed, in that setting, a refinement of a 

multiple tower is exactly the process of passing from one block of edges to the 

next.) 

6. Approximation by ordered multiple towers 

In this section, we give the proof of Theorem 1.1. Tile basic idea is to approximate 

our non-singular transformation by a sequence of multiple towers, which converge, 

as in the previous section, to a Bratteli-Vershik system. Of course, we have to 

keep track of the measures as well, and to show that the resulting system is 

uniquely ergodic in the sense of Section 3. 

Throughout this section, (X, B, #, T) will denote an ergodic non-singular dy- 

namical system of type III. It follows that p is nonatomic and conservative for 

the action of T. 

Our basic tool is the following well-known version of Rokhlin's Lemma. 

LEMMA 6.1: Let T be an ergodic non-singular transformation. Then for any 

A1 . . . . .  Ak E B of positive measure, ¢ > 0 and N >_ 1, there exists a measurable 

subset E of positive measure satisfying the following conditions: 

(i) E, TE ,  T2E . . . . .  T N - 1 E  are disjoint. 
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(ii) N--1 #([Ji=o T iE)  > 1 - ~ .  

(iii) Each set Ai is approximated by a union of the sets {TkE}  in the sense 

that the measure of the symmetric difference is less than ~. 

The standard proof of tile Dye Krieger representation theorem (see [HO D uses 

this lemma to approximate a dynamical system by an odometer as follows. First, 

we use the lemma to choose a single tower ~ = {~,Z : 0 _< ct,/3 < N}. Then, 

choosing any level P(~)~ of ~, we consider the induced transformation of T on that  

level. One then applies the Lemma again, to obtain a tower rj = {rj~,j : i, j C 0}  

whose support is a subset of the level which is close to the level (in the sense 

that  the measure of the symmetric difference is small). The refinement of this 

tower by the tower ~l then has support  close to supp(~), and is a much better  

approximation than ~. 

Repeating this process, in the limit one finally obtains a measurable subset 

F of positive measure so that  if we restrict the refinements of towers to F,  the 

orbit of the induced transformation TIF is a union of orbits of these refinements 

of towers and the restriction of the whole a-algebra to F is approximated by the 

levels of these towers. 

Using the above sequence of refinements of towers, one then constructs a mea- 

sure space isomorphism from F to a full odometer space so that  the eonjugacy 

image of TIF has the same full group as that  of the full odometer. However, 

in this proof, we lose control of the push-forward of p by the measure space 

isomorphism. 

Our proof of Theorem 1.1 follows the same path  as that  outlined in the previous 

paragraph, but instead of single towers, we use multiple towers, and show how the 

sequence of the refinements of these multiple ordered towers of F can be taken 

to have constant Jacobian. Hence we will obtain a measure space isomorphism 

under which a generator S of [T[F] (i.e., [S] = [TIF]) is conjugate to a Markov 

odometer and for which the push-forward measure of the normalized measure of 

the restriction of p on F is the corresponding Markov measure. 

The proof of the Theorem will be preceded by a series of lemmas concerning 

refinements of towers. These use the Hurewicz ergodic theorem and Lusin's 

theorem of measure theory, to guarantee that  we have the quasi-independence 

condition of Proposition 5.2, together with Proposition 3.3, and hence unique 

ergodieity. Rokhlin's lemma allows successive refinements of the towers, while 

keeping control of the measures. 

We shall also show that  the diagrams we construct have unique infinite maximal 

and minimal paths, so that  the Vershik transformation is uniquely defined. In 
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order to keep track of this, we shall use the following notation.  Choose an ordered 

multiple tower of  constant  Jacobian,  

= {{(v)}vEv, where ~t, = t'~e,e'[~'(v) : e, e' E A(*')}. 

Recall tha t  A (v) is a total ly ordered set; denote its max imum and min imum 

elements by emax(V) and emin(V). We let c~ (¢') = emin(v), set E(v)  = P({('v))~(,,) 

and E = U, ,cv  E(v) .  

Let S denote the induced t ransformat ion TIE of T on E.  

LEMMA 6.2: Let  e > O. There exists a subset  Eo o f  E o f  measm'e less than e 

and there exists N > 0 such that for x ~ Eo, and for all n > N ,  

~=o ~ (.)IE(~,)(s x) ~(E(~)) e_e/Z(i~7(U)) n--1 d5"# i 

< < e  - -  i~(E) - ~.-~ d s > ~ z ~  - ~(e) 
i=0 dlL k J 

Proof'. Since tt is nonatomic  and conservative for the T-action,  we may apply 

the Hurewicz ergodic theorem to see tha t  the expression in the central inequality 

tends to # ( E ( v ) ) / i t ( E  ) almost  everywhere as n + c~. By Lusin's theorem, ahnost  

everywhere convergence implies uniform convergence off a set of arbitrari ly small 

measure. Tha t  is, we may delete from E a set E0 of measure less than g such 

tha t  the convergence is uniform outside E0. The Lemma now follows. | 

Now we may apply Rokhlin 's  Lemma to the t ransformat ion S, the integer N 

and the set E - E0. We obtain 

LEMMA 6.3: There exists a subset F of  E -  Eo, o f  posit ive measure, a finite set o f  

integens {N,,, : w E ~V}, with each Nw >_ N ,  and a finite partit ion {F,, :.w E W} 

of  F such that: 

(i) The sets {SiFu, : 0 <_ j < N,,,, w E W }  are disjoint subsets o r E .  

(ii) Each SJF~, is included in some E(v) .  

(iii) For each v E V and w E W. [{ j :  CoJFw C E(v)}  _> IV[. 

(iv) For all ,r E F.,, w E W. 

(v) 

e_~p(SJ£,,) < dSJp e~a(S-'F,,,) 
l,(F~) - a l l ,  ('') -< ~ " 

~(uw~w u~-~ ~ s'F,,,) 
e - ~  < _< e ~. 

- ~ ( E )  

The proof  of this lemma is a s tandard  application of Rokhlin 's  Lemma.  | 
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Keeping the notat ion from the previous two lemmas, we now define the ordered 

multiple tower ~l = {~w : w E W}, supported in E - E0, as follows: 

(i) 7)(~(~))i :=  SiFw, 0 <_ i < N.,. 
(ii) ?]i%l,i(X) ~- S X ,  X • S i F w  . 

(iii) ~(~) r (~) /Vw},w W. =l?~i,j : 0 < i , j <  6 
Before proceeding with the construct ion of r / - -  we have yet to equip it with 

an order and a measure under which it is of constant  Jacobian - -  let us record: 

LEMMA 6.4:  

e-~tt(E(v)) < P'(supp(~(~)) N E(v) )  < e~ #(E(v)) 
#(E) - #(supp(~(w))) - p(E) 

Proo£" To see this, we star t  from the inequality in Lemma 6.2 for Nw, multiply 

n-1 dS_~ttx), and integrate throughout  by the denominator  of the centre term, }--~i=0 a,  t 

over Fw. We obtain an inequality of the form e-~A <_ B <_ e~A, where 

and 

A=/F~ #(E(v)) ~ ~pP (x)d#(x) - P ~ ) )  p(supp(~)) 
~(E)  .~=o m ) 

The Lemma now follows. 

B = (x)lE(v)(S~x)dp(x) = p(supp(~ w) C)E(v)). 
i=0 

l 

Now, continuing with our construct ion of 71, we equip it with an order: 

(iv) Choose and fix any two vertices v, v '  6 V. 

For each w E W, assign a total  order on the set A (w) = {i : 0 < i < Nw} such 

tha t  

and 

~D(~(W))emm(%0) = Si~w C E(v) ~nd 
1 

p( Si Fw) < iT;i#(supp(71 ( ) )  A E(v) ) 
IvI  

1 (w 
,(siFt) <_ 17~iP(supp(~ )) n E(v')). 

Finally, we need to define a measure u for which ~ is of constant  Jacobian: 



Vol. 138, 2 0 0 3  NONSINGULAR DYNAMICAL SYSTEMS 119 

(v) Take measure  equivalent to It on supp(~/), defined, for A C Fw and 

0_< i < N., ,  by 
u(SiA) _ It(A) It(SiF,~) 

It(supp(7])) It(Fw) 

I t  is easy to see, with this definition, tha t  for x E suppO/) 

e -  < (x )  < 
- d i t  - 

T h i s  completes  the construct ion of ~. Now let us consider the refinement ( of  

by 1/, as constructed in Section 5. We claim tha t  

LEMMA 6.5: For all v E V, w E W 

e_7~pu(supp(~V)) < #(supp((~v) M supp(~V)) < eZeitu(supp(~V))" 
- It~(supp((W)) - 

Proof: Combining the inequali ty of L e m m a  6.4 with the above es t imate  for the 

Radon Nikod~m derivative d. d~' we obta in  an inequali ty of the form e-3~A1 <_ 
B1 <_ e3eA1, where 

A1 -- u (E(v ) )  and BI  = u(supp(I/w) V1E(v)) 
u(supp(~/)) u(supp(r/w) 

Since ( is of  constant  Jacob ian  with respect  to Itu, we have for all e E A (~') 

, ,  ,,, It(~,(~v)~) 
I t , ( supp( (w)  N T'(~t')e)) = Itu(supp(~/w) M ~( ' t  )) ~ . 

Hence, summing  over all e E A (*'), we obta in  

Itu(supp(~ w) N supp(~V)) = It .  (supp(T/w) N E(v))It(7~(~v)-~) 
It (E( , , , ) )  " 

By the previous lemma,  the right hand side differs by a factor of at  most  e 3s f rom 

u(supp( , /~ ) )u (E(v) )  It(l: ' ((v)) 

u(supp(q))  " I t (E(v))  " 

In view of the fact tha t  It and u coincide on the minimal  edges, the above simplifies 

to 
u(supp(q  w 
u(supp(T/))) ) It(supp(~V))" 

Now summing  over all v E V, similar reasoning shows tha t  

It~(supp((W)) = Z I t ' ( supp((~")  V/supp(~V)) 
't, E V 
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differs by a factor of at most e 3e from 

u(supp(r]~)) E P'"(supp(~V))" 
u(supp(r/)) vEV 

Now, by Lemma 6.3 (iv), the sum differs by a factor of at most e ~ from #(supp(~)) 

= 1. Hence, #~(supp(~W)) differs from u(supp(,l~))/u(supp(,l)) by a multiple of 
at 1 h o s t  e 4e . 

This gives the desired estimate. | 

Proof of Theorem 1.1: We may assume without loss of generality that  the 

transformation is of type I I I .  
Let {An}n>1 be a sequence of measurable sets generating the whole a-algebra, 

and such that  every set An appears infinitely often in the sequence. 

Choose a sequence (an) such t h a t  E n % l  e n  < OC. It follows from Lemmas 6.1 

and 6.2 that there is a sequence ~n of multiple towers with associated vertex sets 

An = V~ and transformations S~; and a sequence of measures (Pn) satisfying the 

following conditions: 

(i) ~n+l is a refinement of ~n, for all (n > 1). 

(ii) For each n, Pn is of constant Jacobian with respect to ~ .  

(iii) p~+l is a Markov extension of #n, (n > 1). 

(iv) p(supp(~n+l)) > (1 -en)p(supp(~n)) .  
(V) e -~" < d~+l [x)  < e e~, x E supp(~n+l). 

d p n  \ ' 

(vi) For each n, for all v E Vn and for all w • V.+l, 

e_7~ n < pn+l(supp(~n~+l) N supp(~) )  < eT~" 
- .n+l ( supp( (~+i ) )pn+l (supp(~)  ) - 

! (vii) For each n, there are two vertices Vn, Vn • Vn such that every minimal 

edge to level Vn+l starts from Vn. and every maximal edge to level l/~+l starts 
! 

f r o m  v n . 

(viii) #{x • s u p p ( ~ ) :  S~x or S ; t x  is not defined} _< Cnp(supp(~n)). 

(ix) 

p{x • supp(~n): Tix • Orbs~(x), for all i, - n  < i < n} > ( 1 -  en)p(supp((n)).  

(x) An is approximated by a union of levels of ~n within an in symmetric 

difference of measure. 

We set F = Ane°__l supp(~n). Then by condition (iv), # (F)  > 0 and hence, by 

(viii), together with the Borel-Cantelli lemma, we have that for a.e. x • F 
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where S is the associated transformation of ~7~ which is consistently defined for 

n on tile set F. 

Define 

f i  dltn+l d . ( x )  = x e 

r t : ]  

then the measure u is equivalent to It on F and the restriction of each ~n on F 

is of constant Jacobian with respect to u. 

It  is clear by (x) that  one has a measure space isomorphism from the set F to 

the Bratteli diagram X constructed from the ordered multiple towers ~n, each 

restricted to F. Furthermore, this diagram is essentially simple by condition (vii). 

Moreover, by our construction, S is conjugate with the Vershik transformation, 

and the push-forward measure of p by the conjugacy is a Markov measure on X. 

By condition (vi) above, combined with Proposition 3.3 and Proposition 5.2, the 

action of the associated Vershik transformation on X is uniquely ergodic for this 

measure in tile sense of G-measures. 

Since any ergodie non-singular transformation of type I I I  is orbit equivalent 

with any of its induced transformations, T and S are orbit equivalent with each 

other. Thus the proof of the theorem is complete, l 

Actually, we have shown a little more. The Bratteli Vershik system we have 

constructed as a model for (X, B, p,,T) has tile property that  every vertex at level 

n is connected to every vertex at level n + 1. It  is not hard to see that  this 

implies that  the only closed invariant sets in X are the empty set and X itself. 

Furthermore, the condition that  every maximal (respectively mininml) edge in 

E(n)  has a common source, t/n (resp. v,) guarantees by Corollary 2.1 that  the 

system is topologically induced as a closed subset of a full odometer. 

Thus we have shown: 

COROLLARY 6.1: The Markov odometer constructed in the proof of Theorem 

1.1 is a minimal homeomorphism for the topology of X .  Furthermore, it is a 

topologically induced transformation of a full odometer. 
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