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ABSTRACT

We prove that any ergodic non-singular transformation is orbit equivalent
to a Markov odometer which is uniquely ergodic.

1. Introduction

It was proved by Henry Dye [D1], [D2] that every ergodic measure-preserving
dynamical system (X,B,T.p) on a standard measure space (X, B, p) is orbit
equivalent® to the odometer acting on an infinite product measure space. More re-
cently, Vershik, Livshitz, Lodkin and other collaborators ([VL], [LV]) have shown

1 (X,B.T,u) is orbit equivalent to (V.C, S, v) if there is a bi-measurable mapping
®: X = Y with £ o ®~! and v mutually absolutely continuous, and which maps
almost all T-orbits to S-orbits, i.e., for almost all x € X

{9T"z:n€Z}={S"®xr:n € Z}.

This is the natural notion of equivalence between measurable dynamical systems.
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that the orbit equivalence may be achieved by a transversal mapping and in such
a way that the odometer action is an adic action on a Markov compactum, which
is moreover uniquely ergodic. In fact, Vershik’s Markov compactum is the same
thing in different language as the Bratteli diagram used in operator algebras ([B],
[HPS]). The Vershik transformation is a natural generalisation of the odometer
action.

Krieger noticed that Dye’s theorem extends to the non-singular case, where we
no longer have y = Ty, but rather u ~ Tu. In this case, u is defined to be ergodic
if every T-invariant set is either null or co-null. In fact, Connes, Feldman and
Weiss ([CFW], [OW1]) also showed that the theorem is true when T is replaced
by the action of any discrete amenable group.

The original classification of ergodic dynamical systems up to orbit equiva-
lence, into type I {atomic spaces), type I (nonatomic spaces where there is an
equivalent measure which is invariant under T') and type I1] (nonatomic spaces
where there is no equivalent invariant measure) was later refined by Krieger and
Araki-Woods, who introduced the ratio set. This allows one to further classify
the type 111 systems into type I11, for 0 < A < 1.

Krieger’s Theorem ([Krl], [Kr2]) then asserts that, up to orbit equivalence,
there is a unique system of type III, for 0 < A < 1. Since one may exhibit a
product odometer of each of these types, and since product actions are a fortiori
Markovian in the sense of Vershik, one then sees for all actions, except for type
111, actions, that some analogue of Vershik’s theorem holds, although the ques-
tions of unique ergodicity have not, to the best of our knowledge, so far been
addressed.

In this paper, we will demonstrate an analogue of Vershik's theorem for all
non-singular systems. Our main theorem states:

TurOREM 1.1: Every ergodic non-singular dynamical system (X,B,T,u) on a
standard measure space® is orbit equivalent to a Markov odometer. Furthermore,
when considered as a G-measure, the Markov odometer may be taken to be
uniquely ergodic.

In order to make precise the meaning of this theorem, we will need to define
a Markov odometer on a Bratteli-Vershik diagram (section 2), and the notion of
unique ergodicity (section 3). This is a weighted version of the traditional unique
ergodicity (see Lemma 3.1). In the proof of our main theorem, a key technical

2 A measure space is standard if (X, B) is a standard Borel space and p is a o-
finite measure on X. All measurable spaces will be assumed standard, and all
measures o-finite.
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idea is the notion of refinement of multiple ordered towers (see [Hal), and a study
of how this affects measures under which the towers are of constant Jacobian.
This material is explained in sections 4 and 5, and we believe that it might have
some independent interest.

In particular, our theorem implies that every system of type 711 is orbit equiv-
alent to a Markov odometer. The study of type 1] transformation systems has a
long history. For a beautiful recent survey and simplification of the classification
theoremn, see [KW]. It is known that there exist type 111, systems which are not
orbit equivalent to products ([Kr], [CW]), although there have been no explicit
descriptions of Markov odometers which are not orbit equivalent to products. In
a recent paper, the authors construct such an example ([DH1}).

The unique ergodicity is a rather strong property. It can be shown that this
can fail rather dramatically for general Markov measures ([DR]).

These results generalise to the non-singular case the well-known Jewett-Krieger
theorem, which states that every finite measure-preserving system may be realised
up to measure-theoretic conjugacy by a Cantor minimal system with a unique
invariant measure. Recently, this result was strengthened by Ormes ([O]), who
showed that every finite measure-preserving Cantor minimal system may be re-
alised in this way, so that we have both measure-theoretic conjugacy and strong
topological orbit equivalence. It would be interesting to find analogues of Ormes’
theorem in the non-singular setting.

The results of this paper were announced in [Do).

ACKNOWLEDGEMENT: We gratefully acknowledge the support of the Australian
Research Council and the Japan Society for the Promotion of Science. In partic-
ular, the first author was supported by a JSPS-Australian Academy of Science
Fellowship, and the second author is supported by JSPS Grant-in-Aid for Scien-
tific Research (c) no. 12640214.

2. Bratteli—Vershik diagrams and Markov odometers

In this section, we shall set forth the basic notation and properties of Bratteli—
Vershik diagrams. We take as our reference[HPS], in particular section 2 of that
paper, which we regard as a nice exposition of the fundamental theory.

Definition 2.1: Suppose we have a vertex set V' and an edge set F, such that
V is a disjoint union of finite sets V(") n > 0, and E is a disjoint union of
finite sets E(™ n > 1. We suppose that F is equipped with source mappings
s = §,: E™ — V(=1 and range mappings r = r,: E — V() We assume
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that V{® is a singleton, that s™!(v) is non-empty for each v € V and that r~*(v)
is non-empty for all v € V'\ V{0, We assume that E is equipped with a partial
order so that edges e and ¢’ are comparable if and only if r(e) = r(e).

The sequence of pairs (V=1 E(™) together with the order > is called an
ordered Bratteli-Vershik diagram. Given an ordered Bratteli-Vershik diagram,
one defines P[’c to be the set of paths from V&) to VO, with the obvious order,
range and source maps (see [HPS]). We define the associated space X = X(V, E)
of infinite paths as follows:

X ={(xn)n>1:2n € EM™ r(x,) = s(zny1), ¥n > 1}
A partial order on the space X is defined to be
x <y, if In > 1, such that ©, < yn, and z; =y, Vi > n.

Following [HPS] we will be considering essentially simple Bratteli—Vershik di-
agrams. To define these, let Enax and Epiq denote the set of maximal edges
and the set of minimal edges, respectively. We then say that a Bratteli-Vershik
diagram is essentially simple if there is a unique infinitely long path in each of
Enax and Egi,. In fact, a point of our construction is that the diagrams we
obtain are essentially simple (for suitable choices of ordering).

Of course, here we are dealing with measurable dynamics, whereas [HPS] is
dealing with topological dynamics. We can now define the Vershik transforma-
tion, a version of the odometer for Bratteli diagrams. Note that Vershik refers
to this transformation as an adic transformation.

Definition 2.2: Let (V, E,>) be an essentially simple Bratteli diagram, and let
X = X(V,E) be the path space defined above. We define a topology on X by
taking as a neighbourhood base the sets

[five. o frl¥ = {(er,e2,...) € X te1 = fr,ea = fa,... ek = fi}.

These sets of course also define a o-algebra on X. They will be referred to as
cylinder sets. Let C,, denote the (finite) o-algebra on X generated by the cylinder
sets of length n, and let C denote the o-algebra generated by all cylinder sets: it
is the join of all the C,’s. We shall also denote by

[fmw--ka]]:n = {(617627---) €X:em = fm €mi1 = fmt2:---1€k ka}'

This is a finite union of cylinder sets. (We may also abbreviate this by [f]X,.)
We define 7: X — X as follows. If Zmax is the unique maximal path, then we
take TZmax = Lmin, Where Ty, is the unique minimal path. If x is some path
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which is not the maximal path, then at least one of its edges is not in Fy,x,
and we may choose such an edge in E‘*), with the smallest possible k. Let this
edge be x;. Let fi be its successor, let (fi,..., fr—1) be the unique finite path
from V(@ to s(fx) each of whose edges lies in En,, and let Tz = y, where
y={(f1s s fks Tht1, Tkt ..)- T is known as the Vershik transformation of X.

It is easily seen that T is an invertible transformation of X, which is a homeo-
morphism of X. Hence it is bimeasurable. It is well-known that T reduces to
the familiar odometer, for a suitable diagram. We will discuss this below, where
we will show that under certain conditions, we may consider T to be an induced
transformation on a closed set of a full odometer space. Notice that in the
above definition, we have used the hypothesis of essential simplicity in order to
guarantee that T is defined everywhere. In the absence of this condition, it may
still be possible to define a Vershik transformation, but the details become more
complicated (see [HPS] for some commentary on this). A key observation in our
proof of Theorem 1.1 is that we can choose the order on the Bratteli diagram we
construct so that it is essentially simple.

We now define the group of finite coordinate changes on X. Set

Plv)=(e;) € X :r(ex)=v

and note that each PP(v) is a totally ordered set. Thus, we may define a cyclic
transformation S = S;, on P by

S(xys-ooze) = (Y1, k)

where, if r is the least integer such that x,. is not maximal, the elements

Y1y---Yr—1 are minimal, y, is the successor of z,, and (yr41,....98) =
(€p41.--.,2g). If all the x, are maximal, then we take all the y,. to be mini-
mal.

If we extend Sy to a transformation on the subsets
{(x1,- .-, Tk Thy1) € Poyy t (24, .., k) is not maximal }

by letting
Se(@rr e s T Trg1) = (Sk(®r, .o k), Thga )

then it coincides with Siy; on that subset. It is clear that the restriction of the
Vershik transformation to P is nothing but Sj.
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Definition 2.3: We denote by [y, the cyclic group generated by Si. Further, for
v € V® let Ty (v) denote the orbit {yx : & € P with r(z) = v and v € Tx}.
We let I' denote the union of all the groups I';.

We shall extend the action of v € 'y, to the whole of X by assuming that it
maps a path of the form (ey,e€a,...) to the path (f1. fo,..., fxs€ka1.-..), where
7(61,...,ek) = (fl,...,fk).

In the case of the standard odometer, the group I'y is the group of finite
changes of the first & coordinates. In general, it is easy to see that the orbits of I’
coincide outside the maximal path, with the orbits of the Vershik transformation
T; both are the set of paths which differ from the given one in finitely many
edges. Since the Vershik transformation in general changes infinitely many edges
in the maximal path, the 7' and T orbits of this path differ.

The above remarks show that, as is the case with the full odometer, the dy-
namics of T are, apart from certain exceptional points, the dynamics of T'. In
fact, we shall not seriously use dynamics of the group I', but rather the orbits
Iy (v) in section 3 below.

A convenient combinatorial way of calculating |T'x(v)| — or alternatively, the
cardinality of P?(v) — is given by the adjacency matrices M (") of the Bratteli
diagram. These are defined as follows.

Definition 2.4: Let
Mvi(g) =#{ec Em):s(e) =1, re) =4}, (i.j) e VD x v,
The integer matrices M (™) are called adjacency matrices.

The following result is now easy.

LEMMA 2.1: The number of paths in PY with target v € V®) js given by
[Tk (v)] = (MDOME . Ar®y,

We now introduce our standard example to show how the usual odometer
fits into this picture. In the future, we shall refer to this example as the full
odometer, to distinguish it from the Vershik transformation.

Example 2.1: The odometer. For each n, we let V") be a singleton, and for a
sequence {f,}, let B = {0,1,2,...¢, — 1}. Then the Bratteli-Vershik space
may be identified with the infinite product space X = II2,Z,,. The Vershik
transformation is then the usual odometer, and the group I' is the usual finite
coordinate change group of X.
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Example 2.2: The odometer (again). The rather pleasant treatment of the
odometer in Example 2.1 is not always the most convenient. A different co-
ordinatisation of the same space is as follows. Let {l, } be a sequence of natural
numbers with {; = 1 and, for each n € N, suppose that V(") consists of [,, points,
{0,1,...,l,, — 1}. Define the incidence matrix M) to be the l,,_; x [,, matrix
all of whose entries are 1. That is, we assume that every vertex at the n — 1st
level is connected to every vertex at the nth level by exactly one edge. Thus the
edges are indexed by pairs (i, j) where 0 < i < [;,1,0 < j < {,,. The order on the
edges with common range j is simply the usual order on the set {0....,1,~1}.
It is easily seen that the Vershik transformation is indeed the usual odometer
action on this space. The odometer as presented in Example 2.1 represents the
odometer space as the transitions of the present space.

In general, there are a number of different possible presentations of the odome-
ter. Given a general Bratteli-Vershik system, it is of some interest to understand
when it is one of these representations of a full odometer. In order to analyse
this, we introduce the notion of the symbolic adjacency matrix of a Bratteli-
Vershik system. A related notion of symibolic adjacency matrix has been used in
the theory of sofic shifts ([LM], chapter 3). These matrices encode the order of
the edges inherent in the definition of an ordered Bratteli-Vershik system.

Definition 2.4: Let (V, E) be an ordered Bratteli-Vershik system, and for each
win V™, let the edges in E) with range w be indexed by the totally ordered
set Ag}l). Define the symbolic adjacency matrix

M) = > A

{AeAPIwis(X)=v}
for v e V=l e V()

This is a matrix whose entries are formal sums of elements of the totally ordered
set AW« Note that each column of M contains each element of A= once,
partitioned according to their vertex of origin.

We say that two such column vectors are isomorphic if there is a bijec-
tive order-preserving map hetween the corresponding totally ordered sets. under
which the columns correspond.

The following proposition is now clear:

PROPOSITION 2.1: Suppose that for each n, every symbolic adjacency matrix of
a Bratteli- Vershik system has all columns isomorphic. Then the svstem is a full
odometer.
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In fact, a general Bratteli-Vershik transformation space may be considered to
be a closed subset of a full odometer space, and we are interested in understanding
when the Vershik transformation is a (topologically) induced transformation of
the odometer on this closed subset. In order to understand this, we must inject
the system into an odometer in a way that respects the orders. This is also
conveniently expressed using symbolic adjacency matrices.

Definition 2.6: We say that we have an order injection from the Bratteli-
Vershik system (V, E) to the Bratteli-Vershik system (V;, E) if for each n, there
is an injection @,: E(™ — Ei") such that
() if e € E=1, f € E™ with r(e) = s(f) then r(p,_1(e)) = s(pn(f)), and
(ii) the mapping @,: AMw» — A(lnl)"’l is an order-preserving injection of totally
ordered spaces.

(In the above definition, notice that condition (i) implies that ¢, maps edges
with common range (resp. source) to edges with common range (resp. source),
so condition (ii) makes sense.)

Given such an order injection, we naturally construct a mapping ¢ from the
path space X to the path space X;. This mapping is clearly continuous, and
hence the image of X in X, is a clopen subset. The issue that requires further
clarification is the relationship between the Vershik maps. We are looking for
conditions under which the Vershik map 7T} induces a map conjugate to T on the
image of ¢; that is, for each & € X, we would like to see whether o(Tx) coincides
with Tf (px), where k is the first return time & = min{m > 0 : T{"(pz) € ¢(X)}.

In fact, under certain conditions, we may construct an order injection of a
Bratteli-Vershik system intc a full odometer as follows:

Firstly, suppose A and A’ are finite totally ordered sets, and p: A — A’ is an
order preserving mapping. If I C A and J C A, we say that 3, ;A < 3 ey N
if o(I) € J. Note that the order does not depend on the mapping .

Suppose now that we have two column vectors £ and £ of formal sums of
elements of A and A’, respectively. We say that £ < £ if they have the same
number of entries, n say, and for each 1 < j < n we have §; < E;.

LEMMA 2.2: Let n € N. Suppose we have a finite collection of totally ordered
sets, {A;}, and, for each i, a column vector §; with n entries, of formal sums of
elements of A;. Then there exist

(1) a totally ordered set A,

(ii) for each 4, an order-preserving injection p;: Ay = A,

(iii) an n-vector £ of formal sums of entries of A,
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such that & < £ for all 1.

Proof: The proof, a simple induction, is left to the reader. ]

Now suppose that (V, E) is a given Bratteli-Vershik system. Define the system
(V,E) as follows:

For each n, starting from the totally ordered sets A(*) and from the columns
of the symbolic adjacency matrix M, use the Lemma to choose a totally ordered
set. A(™) and a single vector ™) which is greater than or equal to all the columns
of M.

Set V(™ = V(™ and let the symbolic adjacency matrix of (V, E) be given by

M= (g(n)’g(n)ﬂ . .’g(n))_

PROPOSITION 2.2: Suppose that there is an order injection of an essentially
simple Bratteli-Vershik system X into another X°. Suppose further that this
injection maps the infinite minimal path of X to the infinite minimal path of X°
and the infinite maximal path of X to the infinite maximal path of X°. Then the
image of the space X is a closed subset of X0, and the Vershik transformation T
on X is conjugate to the induced transformation of the Vershik transformation
T° on X°.

Proof: The fact that we have taken an order injection of one system into another
ensures that the induced transformation is conjugate to the transformation 7' on
the image of X in X on all paths except perhaps the maximal path, where an
infinite number of edges might be changed. The assumption that the maximal
path of XY is included in the image of X now guarantees that the induced action
coincides everywhere. i

We shall use the following condition in section 6 to show that the transforma-
tions we produce are induced transformations of a full odometer.

COROLLARY 2.1: Suppose that X = X(V, E) is a Bratteli- Vershik space such
that every vertex set V(") contains two different vertices v, vl, with the prop-
erty that every minimal edge in E\"+1) has source v, and every maximal edge
in E™ has source v),. Then X can be embedded as a topologically induced
transformation in a full odometer space.

Proof: 1t suffices to notice that, under the hypothesis given, the order injections
it A; — A can be chosen such that y; sends the maximal (resp. minimal) element
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to the maximal (resp. minimal) element of A, and hence the assumption of the
Proposition is verified. i

The above Proposition and Corollary indicate that many Bratteli-Vershik sys-
tems (including the ones we shall construct in section 6) are familiar objects
in ergodic theory: topologically induced transformations on closed subsets of
odometers. Note that the proof is entirely topological; we have not so far dis-
cussed measures on X. We now proceed to do that. In particular, we would
like to define a family of measures on X which generalise the traditional product
measures on infinite product spaces.

In general, notice that T is a measurable transformation of the measurable
space (X,C). A measure p is quasi-invariant for T if g and Ty are equivalent as
measures. The dynamical system (X, C, u, T} is a generalisation of the traditional
odometer action on an infinite product space. The simplest kinds of measures
one may define on these spaces in general are Markov measures. In some cases,
they reduce to traditional infinite product measures.

Definition 2.7: Markov measures. We say that a matrix

P = (P} evin-nxpm

is a stochastic matrix if it satisfies the following two conditions:

(i) P > 0 & s(e) = v,

(1) Y (eemmiseymny Pire =1 Yo € V(1)

Given a sequence P of stochastic matrices and a probability measure vy on
V(© guch that

vo(v) > 0, Vo e VO,

we define a measure p on cylinder sets by

plersea-en]t) = V()(S(el))P(l) p . pn

s(e1).e1” s(ez2).e2 s(en),en’

A measure defined in this way is called a Markov measure and the dynamical
system (X, B, T, u) is said to be a Markov odometer if ;1 in addition satisfies
the following two conditions:

(M1) For almost every x, there exists an integer n > 1 and a block 132+ yn
such that z, < yn and (Y192 YnTng1]7T') > 0.

(M2) For almost every x, there exists an integer m > 1 and a block 2122 -+ - 2,
such that 2,, < =, and p([z122 - --:mmm“]TH) > 0.
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We note that a Markov odometer T is invertible, and has the property that
n=sup{i > 1: (Tz); # x;} < 00, a.e. r. Furthermore, T is non-singular; in fact

, ) @ . p
dT'p _ VO(S(yl))PS(yl)sylps(yz)aw Ps(yn),yn
T n (1) 2) (n)
dp vo(S(I) P51y oy Parayrs Pl

where y; = (T'r);,1 <1 < n.

Example 2.3: The odometer revisited. 1t is easy to describe the Markov mea-
sures on the odometer space presented in Example 2.1. In fact, all of the sets
V(") are singletons, so in particular, v(vg) = 1, and the stochastic matrices P(™)
are just vectors depending on the edges. The Markovian condition (ii) ensures
that the entries of these vectors sum to 1. Hence, we can think of ng ({e}) := L(,}:)e
as a probability measure on the set of edges E*) = {eq....,e¢, _1}. A Markov
measure on this Bratteli diagram is thus exactly the traditional infinite product

measure @, 7;.

In fact, if we change our presentation of the odometer just a little, the notion of
Markov measure changes too, and we no longer stay within the confines of prod-
uct measures, as is shown by the coordinatisation of Example 2.2. In fact, in that
coordinatisation, the entries of the stochastic matrices are indexed by pairs of
vertices, and we may write Ps((ne)),e = Ps(zle))’r(e).. Thus P™ is an I,,_; X l,, matrix,
all of whose entries are positive, and whose rows sum to 1. The measure of a cylin-
der set [vq,...,v,]} is then given by the product 1/({1)0})P1§;,)v1PL(,?,)Q,2 . 'Pl(,:im,n.
This is not a product measure unless the P matrices are independent of their
first indices, that is, all rows are the same. If this is the case, then we may
let u™({y}) = P, 4, and the Markov measure equals the infinite product
Qno s

In general, this description of Markov odometers as measures whose values
depend on successive pairs of vertices of elements of X, is valid whenever the
diagram has the property that there is at most one edge between two successive
vertices (i.e., the adjacency matrices have all entries 0 or 1). In this case, the
entries of the P-matrices correponding to non-zero entries of the Af-matrices must
be non-zero. The notion of a product measure is defined only if every vertex in
V(=1 has the same number of successors, and there is exactly one edge between
them. That is, we have E( = V(=1 x (™) Iy this case, we have a product if
and only if Pi(‘?) is independent of i.



104 A. H. DOOLEY AND T. HAMACHI Isr. J. Math.

3. The G-measure formalism

The G-measure formalism ([BD]) has proved useful in analysing the structure of
measures on the classical odometer space. In this section, we shall adapt it to
the setting of Bratteli-Vershik systems, and apply it to Markov measures.

Definition 3.1: Let X = X(V, E) be the space associated to an ordered Bratteli
diagram with Vershik transformation 7', and let u be a T-quasi-invariant measure
on X. For a fixed k, define the tail measure u(*) by setting, for n > k,

/j'(k)([ala-~'7an]1) IF (T‘(a]\ l Z 1 (7[0'17-- 1an] )

(Notice that the action of 'y, was defined so that the summation above is over
all cylinder sets [xy, ..., Tk, Qkt1, - - -, an|T with r(zg) = r(ak).)

It is then easily seen that u(*) is a I'y-invariant measure which is equivalent to
. We denote by Gy the RadonNikodym derivative du/du(*).

Similarly, we denote by g; the Radon-Nikodym derivative du*= /du(F),

It is then clear that the function G satisfies
Z Gi(va) =1
[T r(ak ol

for all infinite paths a € X.
Furthermore, Gr(a) = g1(a)g2(a) ... gx(a), where for each i, g; satisfies the two

conditions:
(i) (invariance) g;(a) is independent of (ao,...,a;_1), and
(ii) (normalisation) |ET>'(ITE)_[ Z{eeE(')(v,w)} gilay,...,a;_1,€,ai41,.-.) = L.

Here, v denotes r(a;_1), w denotes s(a;iy1), and E®(v,w) denotes
{e € EY : s(e) = v,7(e) = w}.
Definition 3.2: A family of functions {g; } satisfying conditions (i) and (ii) above
is called a normalised invariant family. The corresponding sequence of func-
tions G = {G}} is called a normalised compatible family.

A measure g on X satisfying

Gy, = dp/dp™®
is called a G-measure.

It is clear that, for a fixed normalised compatible family G, the set of G-
measures is a convex set inside the set of all T-quasi-invariant probability mea-
sures. Moreover, it follows easily (as in[BD]) that the extreme points in this
convex set are T-ergodic.
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Furthermore, the existence of G-measures is clear:

LEMMA 3.1: Let {G,} be a normalised compatible family and let {v"} be any
sequence of I',, quasi-invariant probability measures on X. Then any weak* limit
of the sequence {y™} defined by

n_ 1
H ‘G"<|rn|

Zynoy)

vely

is a G-measure

The easy proof is given in [BD].

We single out for special attention the case when there is just one element in
this convex set. In this case, the unique G-measure, p say, is T-ergodic, and we
say that we have a uniquely ergodic G-measure.

This condition generalises the traditional notion of unique ergodicity for
homeomorphisms to the non-singular setting. The following result generalises
Proposition 1.6 of [BD] from the odometer to the cadre of Bratteli diagrams.

ProprosITION 3.1: Let G = {G,} be a normalised compatible family of
continuous functions. The following are equivalent.

(1) There is a unique G-measure — which is therefore T-ergodic.

(i) For every f € C{X) the sequence

1

AN = Er T

> Gl fye)
YeTk(r(zk))
converges uniformly to a constant.
(iii) For every f € C'(.X) the sequence

1
Ap(f)(z) = et @)l 7er%lk))Gk(?’l‘)f(’ﬂ‘)

converges pointwise (for every r € X ) to a constant.

Proof: Notice that we can write A,(f)(x) as

@) = (60 (T T 8207) )

y€ly

where 4, is the Dirac measure at r.

Thus for a fixed x or for x,, depending on n, we have the format of Lemma 3.1,
and any weak™® limit of the sequence of linear functionals A, (x)}(f) = A, (f)(x)
will be a G-measure.
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If (i) held, but (ii) did not, and if convergence did occur, the limit would
necessarily be [ fdu, so by our assumption, there would exist f € C(X), ¢ > 0
and a subsequence {n;) such that

A, (20 ) () — / fdu) > <.

We could then obtain a G-measure different from g by taking any limit point
of the sequence of measures A, (z,, ).

Clearly (ii) implies (iii), so let us show that (iii) implies (i).

We know that for any fixed x, A,(z) converges to a G-measure yu,, and for
each fixed f, that the limit p,(f) is independent of x. In other words, there is a
G-measure g such that

lim A, (2)(f) = / fdu
forallxr € X.

By the bounded convergence theorem, we have for any probability measure

v e M(X),
/fdu:/</fdu>du=li£n/An(:r)(f)dz/.

Suppose now that v is a G-measure. Then we have

1
/An(f)(f)dV=/m Z Grn(y2) f(yx)dv(z)

YET R (r(zn))
= [ Ga@ s (@) = [ fadv(a).
We have shown that v = p, and this completes the proof. |

We now show how to compute the G-functions for Markov measures, and
particularise Proposition 3.1 to that setting.

Suppose that we are given the data of Definition 2.5, that is, a Bratteli-Vershik
space X(V, E), a probability measure vy on V© and a sequence of Markov
matrices (P(™), whose entries P{"% are indexed by v € V("1 and e € E™. We
are thinking of the P-matrices as transporting the measure v from one coordinate
space to the next. Thus it is natural to define

()= Y w({s@NPEr).
{e€E*+1:r(e)=0v}

Actually, using a slight abuse of notation, we are going to write v(v) instead
of v({v}).

Given this notation, we may now state:
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PROPOSITION 3.2: Let e = (en)n>1 € X and k > 1. Then:

. . k4+1) (

(1) 1P (lersrs---enlip) = oy ta(w w)PIESY, - Ps(ne e+ Where w =
#lekn): ) (k)

i _ (s(e1)) p(1 d

(i) Gr(e) = [Ti(r(ex) )|::(i(:; Ps (e1).€1 H.PS(ek)fk

(i) gx(e) = ||11:’;((1f'))|| ”:J’:I(EL Pl(,ke,c, where s(ey) = v and r(eg) = w(= s(epy1))-

(iv) Let f € C(X) Then

1 k
Ar(f)(e) = ZVO s(21)) P! )) Ps((;k)’rkf(l‘b---,Ik,€k+1,€k+2,--.),
where w = s(ek+1) = r(e),) and the sum is over all v € P{ with r(z) = w.

Proof: Let w = s(eg41). Then

k (
Y u®Gler . enlt) = v (w)PEEY P
yelx

where we note that the summation is over all cylinder sets

[T1,. 0y Th€E41s -2 En)T

with r(xg) = r(eg).
Hence,

= , (k+1) (n)
)= e (P P

-3

,u(k)([elw oo »en]

Now (i) follows.
Further, note that

Bl
Gk(e) d//l’ ) _ /’L([el""’ek"“l]l

=@ u(k)([el,...,ek+1]k+1)
and that
dp®=V ([, et
90 = O = R e oern )
(i) and (iii) now follow, and (iv) is an easy consequence of (ii). .

In Proposition 3.2 (iv), the expression for A;(f)(e) may be interpreted as

E, [f|ck](€k+1, €kt2s---)

where C* is the o-algebra generated by the I'y-invariant sets.

We now give a sufficient condition for uniqueness, which we shall actually use in
section 6. This condition should be compared with the Lipschitz-type conditions
of [BD].
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Definition 3.3: We shall say that a Markov measure is uniquely ergodic if it
is uniquely ergodic when considered as a G-measure

PROPOSITION 3.3: For each k and for v € Vp_1,w € Vy, let

oM (v, w) = — > PR

vi(w) {z€Ey:s(x)=v,r(z)=w}
Then if maxvev,_; wev |@(k)(vvw) —1] — 0 as k = oo, we have a uniquely

ergodic Markov measure.

Proof:  Firstly, notice that for any continuous function f, and for any £ > 0,
there exists m > 0 and a continuous function fq, so that fy(e) depends only on
(€gy---sem)s and || f — folloo < &. By the normalisation condition on the functions
Gy, we then have for all k, ||Ax(f) — Ak(fo)l|leo < €. Hence, it is sufficient to
prove that the sequence A (f) converges uniformly under the assumption that f
depends only on the coordinates 1,...,m.

Now if £ > m + 1, then

k—
E.(f) — Ax(f)(@) = ZZW(s(el))P;ﬁ;),el P flen s em)
(k—1) k
T(rk ZZUO s(er)) s(el) e’ Ps(ek—1)~€k—1f(€1’ ) XB:Pls,e)

k-1
=22 wols(e) e B P e Fer s em) {1 = 0P (0, ()},
1 2

where the subscript 1 indicates that the sum is over v € V*~1) the subscript
2 that the sum is over e € P2(v), and the subscript 3 that the sum is over
e € E®)(v,r(xy)). Hence,

[Ew (f) = A(F)(@)] < [Bu[f]] - max 0% (v, w) ~ 1.

This completes the proof. [

More generally, for v € V(™ and w € V(™ n < m, let

1 m
(v, w) = O™ (v, w) := 3 P ... pim

ST )yitm
Ym (w) {z€Pp:s(z)=v,r(x)=w}

By considering a contraction of the Bratteli-Vershik diagram, we have as an
immediate consequence:
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COROLLARY 3.1: Suppose that there exists a stictly increasing sequence (Ny) of
integers, such that

max |@ Nk Nkts) (y ) — 1] = 0 as k — oo.
VEVN, wEVN,

Then there is a uniquely ergodic Markov measure.

4. Ordered multiple towers

We are going to counstruct a Bratteli diagram inside any ergodic non-singular
dynamical system. This will be done by using tower constructions. In this
section, we will give a careful definition of a tower, and of a multiple tower. The
notion of ordered tower defined below was called an array by Kkrieger.

Throughout this section, we assume that (X, B, i, T') is an ergodic non-singular
transformation with u(X) < oo. In fact, without loss of generality, we may
assume that g is a probability measure on X.

The towers will be constructed from partially defined transformations of X,
that is, invertible measurable mappings ¢ both of whose domain Dom(¢) and
image 3(4) are sets of positive measure.

[T]+ is the set of all partially defined transformations ¢ satisfying

¢r € Orbp(z), a.e. x € Dom(¢),

where Orby(z) = {T"x : n € Z}.
Recall that the full group [T} of T is the set of elements of [T']. whose domain
and range are both all of X up to a null set.

Definition 4.1: Let A be a set of positive measure in B and P = {4, : a € A}
be a finite partition of A by measurable subsets A, € B, where the index set
A is a finite totally ordered set. Suppose that for each pair a,3 € A, we are
given partially defined transformations &, : Az — A,, belonging to [T],, which
satisfy:

(i) €a.a =1d4,, and

(ii) gayﬁgﬁﬂ’y = ga,'y-

Then we shall say that the collection { = {{, 3 : @, 3 € A} is an ordered
tower of A.

For ease of notation, we will consider £ as the primary object, and will denote
the partition P by P(£) and the sets A, as P(£),. Similarly, we write A(£) =
A,supp(¢) = A
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An ordered tower always has an associated transformation S = S(§) € [T].
defined by
Sz =£gqax, TEA,

where
8= gg}r\l{@ 10> al.

Notice that if o is maximal, then S is not defined on P(£)q, and that if o is
minimal, then S~! is not defined on P(£),.
The orbit of z € P(£), under S, Orbg(x) = Orbg(z), is given by

{Eg,ax S A}.

A measurable subset E C supp(€) is said to be &-invariant if Orbe(x) C E for
ae r€ L.

It should be apparent to the reader that the structure of an ordered tower is
not unlike that of a set of edges in a Bratteli diagram with a common range.

An important tool in defining our Markov measures will be the concept of a
measure of constant Jacobian.

Definition 4.2: We say that a tower £ is of constant Jacobian with respect to
p if dg—gz;‘ﬁ‘—(z) is a constant independent of z for a.e. x € Ag.

Actually, we can identify the constant in Definition 4.2. It is given by

Aot () _ p(Ae)

dp T Ay

We now wish to define the concept of a multiple tower: this will eventually
become a set of vertices V(™ in a layer of our Bratteli diagram.

Definition 4.3: Let €™, v = 1,...,m, be a finite collection of ordered towers,
£ = {5&”3}, o, B € A}, such that the sets supp(€()), 1 < v < m, are disjoint.
Define
A={av:1<v<m,aeA?}

and define a partial order on A by
av < v ifv=1 and a <.

We call the collection
E={tW: 1<v<m}

an ordered multiple tower.
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As we did in the case of a single tower, we wish to regard ¢ as the principal
object, and so we establish the following notation.

P(€) ={P()a: @ € A(E™Y), 1 < v <m},

supp(¢) = _J supp(¢™),

v=1
Orbg(z) =Orbg (z), ifze supp(€™),
Eav puT =£((;:/)3x if a,8 € A®) and x € P(M)3,
A©) =A,

A union of £™)-invariant subsets is a £-invariant set.

We likewise define the associated transformation of ¢ to be the partially
defined transformation obtained by taking the associated transformation of the
€@ on each supp(£®)).

If pu is a measure on supp(¢), we say that ¢ is of constant Jacobian (for j) when
every £(*) is of constant Jacobian (for y).

Example 4.1: Let X(V, E) be a Bratteli-Vershik system, and fix an integer n.
Then V() provides the index set for a multiple tower &, made up of the towers
£0) = {e € P) : r(e,) = v}. The associated transformation of £ is exactly the
Vershik transformation (restricted to PP), except on the top level. Furthermore,
a sequence of stochastic matrices P(™ provides a measure i of constant Jacobian
for £ such that

(1) (n)
dfél:/)gﬂ ) = I/O(s(al))Ps(al)wal B .Ps(an).an
= (1 (n) ’
dp vo(s(B1))Pys,).,, * 'Ps(nﬂn),/sn

where x € [3]}.

5. Refinements of multiple towers

The proof of our main theorem will use a notion of refinement of multiple towers.
This will be done in section 6, using successive applications of Rokhlin’s Lemma.
The key idea is to take a union of layers, one from each of the towers in our
collection &, and refine the partition arising from the fact that the supports of
the individual towers in £ are disjoint. We will see how this gives rise to a new
multiple tower, which we shall call a refinement of ¢.

In terms of Bratteli diagrams, this procedure can be thought of as creating a
new set of vertices “underneath” the layer provided by &.
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Throughout this section, we let £ = {£(1), ... ¢M} ¢0) = {f;vg ta, B e AW,
be an ordered multiple tower of X. For each v, we let (") € A{*) be the minimal
element.

Given these choices, we let E(v) = P(£")) vy, and E = JI_; E(v).

The reader might find it helpful to think of the sets E(v) as the base sets in
the towers £(*), and of E as their union.

Clearly the sets E(v) form a partition of E. The other piece of data which
we will need for the construction is an ordered multiple tower n of E such that
the partition P(n) of E is a refinement of the partition induced by the E(v)’s.
Actually, we need something slightly less; it is sufficient that the support of  be
a subset of E of positive measure, and that the partition P(n) be a refinement
of the partition of supp(n) given by {E(1) Nsupp(n),..., E(n) Nsupp(n)}.

The reader may think of n as a tower which “cuts across” the base level of the
towers £(V),

We will denote 57 as {n!), ..., 9™}, n(¥) = {n(w) 6,6 € AW}

With these data established, we may now define the refinement ¢ of £ induced
by 7.

Definition 5.1: Let £, o) and 75 be as above.
Define the ordered multiple tower ¢ = {¢(*) : 1 < w < m} as follows.

(i) The support of ¢ is the &-invariant set | J;_; Ugepc €g,am (SUPP(1))-
(ii) The index set is given by

AC™) = {Bve: 1 <v<n, BeAEW), e € A™),P(n™) C E(v)}.

(iii) On each A(¢(*®)), we take a total order, defined as follows:
For Bue, B'v'e € A(C™M),

Bre < B'v'e if either (1) e < €, or, (2) e=¢€, v=1v"and B < j'.

(iv) Putting
A5 =€) (P(n®)e) € PEM)s,

the partially defined transformations of [T], are given by

C( 5.0 e —77((;"2) for avd, av’e € A((™),

¢t =) for Bv'e, o v'e € A(C™),

Bu'e,alv v'e B,alv"
C(w) (w) C( (C(w) )—1
Budav'e — SBusalMus  Salviugalv)yre yw'e,alphalvv’e

for Aus, vv'e, o vs, o v'e € A(C™)).
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These data uniquely determine an ordered multiple tower ¢ = {¢}),...,¢™},
where () = {¢{v] . : Bud.0'e € A(C™)}.

We call the multiple ordered tower ¢ the refinement of £ induced by 7.

This definition is somewhat standard, and is indeed similar to Definition 1.1
of [VL], where it is applied to measure-preserving systems.

Our next task, and in some senses the main novelty of this section, is to see
what effect refinements of multiple towers have on measures. In fact, we will see
that the prescription of measures of constant Jacobian for the two towers gives
rise naturally to a stochastic matrix P.

PROPOSITION 5.1: Suppose that the ordered multiple tower & is of constant
Jacobian with respect to u and that there is a measure v on E, equivalent to p,
and under which n is of constant Jacobian.

Then there is a unique measure p on supp((). equivalent to u, satisfying the
following conditions:

(i) p = v on the set supp(().

(ii) p is of constant Jacobian for (. Indeed, for puvé,yv'e € A(C'™)) and r €
A(ﬁ /. we have

dcl(il;)zi,vv/ep(a_) _ p(P(E™)5) . v(P(n™))s) . H(EQ))
dp T wE®@) vPH®)) w(PEW),)

Proof: In fact, it is easily seen that p(1¥) must be defined for a measurable
subset W of P(£()), b

p(PEW),)

(v) 7
p(PEM) o) v ).«

a(’l)fy

p(W) =

Proposition 5.1 implies that

dp

L) = A ). 2 € P,

We shall write p = p,, and call it the Markov extension of the measure p
by the measure v.

We now continue to make the link with Bratteli diagrams. At the end of
section 4, we saw how a multiple tower could be thought of as a set of vertices of
a Bratteli diagram. We now see how a multiple tower together with a refinement
of that tower can be thought of as two successive layers of a diagram, and we
see how the Markov extension of a measure as introduced in Proposition 5.1
naturally induces a stochastic matrix.
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In fact, maintaining the notation of Definition 5.1 and Proposition 5.1, one
defines an adjacency matrix M and a stochastic matrix P as follows. Firstly
let V ={1,...,m}, V' = {1,...,n} and E = U _, A(®*)). Recall that each
A(p(®)) is a totally ordered set. The source mapping s: £ — V and range
mapping r: E — V' are defined for € € A(¢'")) by

s(e)=v and 7(€) = w,
where P(n‘*)). C E(v). For1<v<mand 1 <w< nset
My = #{e: P('"). C E(v)}

and for € € A(n™)) with P(n*)), C E(v),

Definition 5.2: We call M the adjacency matrix and P the stochastic
matrix associated with ¢.

LEMMA 5.1: The above definitions are consistent with the statement that V and
V' are two successive sets of vertices of a Bratteli-Vershik diagram, that E is the
edge set between these sets of vertices, that M is the adjacency matrix, and that
P is a stochastic matrix in the sense of Definition 2.5.

We can now calculate the expression ©(v, w) of Proposition 3.3 for the Markov
matrices in the extension of a multiple tower. In fact, we have:

PROPOSITION 5.2: In the notation of this section, let  be the refinement of £ by
n and the measures u, v and p, and the stochastic matrix P be as above. Then
forveV and w € V', we have

_iw(supp(¢*¥) Nsupp(¢”))
O w) = i, (supp(C*)) i, (supp(€7))

Proof: By definition,

(k) V. WYy = 1 ﬂn_(i”.))_r)
O w) =070 {EeEkzs(g,m):w} J(E@))
1 v(supp(n®) N E('U))'

# (supp(C*)) v(E(v))
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Since £} is of constant Jacobian,

u(supp(¢™) Nsupp(6™))) =p (Us€5 )., (supp(¢™) N E(v))

= Cap(supp(¢™)) N E(v))
5

= Com(supp(n™) N E(v)),
5

for some constants Cg > 0.
Similarly, p, (supp(é)) = 3~ 3 Cp, (E(v)). Hence we have
v(supp(n*) N E(v)) _ p(supp(¢™) Nsupp(€™))
v(E(v)) o (supp(£(*)))

This completes the proof. ]

The statement that ©(v,w) is close to 1 can thus be seen as a kind of weak
independence condition for the measure p, with respect to the supports of ¢
and £. Note that this condition in no way implies that the individual edges are
independent. The condition is a natural analogue of the statement in classical
Perron—Frobenius theory that one long block of transitions is almost independent
from another subsequent long block. (Indeed, in that setting, a refinement of a
multiple tower is exactly the process of passing from one block of edges to the
next.)

6. Approximation by ordered multiple towers

In this section, we give the proof of Theorem 1.1. The basic idea is to approximate
our non-singular transformation by a sequence of multiple towers, which converge,
as in the previous section, to a Bratteli-Vershik system. Of course, we have to
keep track of the measures as well, and to show that the resulting system is
uniquely ergodic in the sense of Section 3.

Throughout this section, {X, B, 4. T} will denote an ergodic non-singular dy-
namical system of type III. 1t follows that u is nonatomic and conservative for
the action of T

Our basic tool is the following well-known version of Rokhlin’s Lemma.

LeMMA 6.1: Let T be an ergodic non-singular transformation. Then for any
Ai, ..., A € B of positive measure, ¢ > 0 and N > 1, there exists a measurable
subset E of positive measure satisfying the following conditions:

(i) E.TE, T*E,... .TN1E are disjoint.
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(i) w(US T'B) > 1 - <.
(iii) Fach set A; is approximated by a union of the sets {T*E} in the sense
that the measure of the symmetric difference is less than ¢.

The standard proof of the Dye—Krieger representation theorem (see [HOJ) uses
this lemma to approximate a dynamical system by an odometer as follows. First,
we use the lemma to choose a single tower £ = {45 : 0 < @, 8 < N}. Then,
choosing any level P(£), of £, we consider the induced transformation of T on that
level. One then applies the Lemma again, to obtain a tower 5 = {#;; :4,j € O}
whose support is a subset of the level which is close to the level (in the sense
that the measure of the symmetric difference is small). The refinement of this
tower by the tower 7 then has support close to supp(€), and is a much better
approximation than &.

Repeating this process, in the limit one finally obtains a measurable subset
F of positive measure so that if we restrict the refinements of towers to F, the
orbit of the induced transformation T|F is a union of orbits of these refinements
of towers and the restriction of the whole o-algebra to F is approximated by the
levels of these towers.

Using the above sequence of refinements of towers, one then constructs a mea-
sure space isomorphism from F' to a full odometer space so that the conjugacy
image of T|p has the same full group as that of the full odometer. However,
in this proof, we lose control of the push-forward of yx by the measure space
isomorphism.

Our proof of Theorem 1.1 follows the same path as that outlined in the previous
paragraph, but instead of single towers, we use multiple towers, and show how the
sequence of the refinements of these multiple ordered towers of F' can be taken
to have constant Jacobian. Hence we will obtain a measure space isomorphism
under which a generator S of [T|g] (i.e., [S] = [T|F]) is conjugate to a Markov
odometer and for which the push-forward measure of the normalized measure of
the restriction of y on F is the corresponding Markov measure.

The proof of the Theorem will be preceded by a series of lemmas concerning
refinements of towers. These use the Hurewicz ergodic theorem and Lusin’s
theorem of measure theory, to guarantee that we have the quasi-independence
condition of Proposition 5.2, together with Proposition 3.3, and hence unique
ergodicity. Rokhlin’s lemma allows successive refinements of the towers, while
keeping control of the measures.

We shall also show that the diagrams we construct have unique infinite maximal
and minimal paths, so that the Vershik transformation is uniquely defined. In
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order to keep track of this, we shall use the following notation. Choose an ordered
multiple tower of constant Jacobian,

£= {E(U)}uev'« where £V = {g(v) ce.el € A('”)}.

e,e’

Recall that A(") is a totally ordered set; denote its maximum and minimum
elements by emax (1) and epin(v). We let ol = eyin(v), set E(v) = P(E(v)) pm)
and E =, ¢y E(v).

Let S denote the induced transformation T'|g of T on E.

LEMMA 6.2: Let ¢ > 0. There exists a subset Fy of E of measure less than ¢
and there exists N > 0 such that for x ¢ Ey, and for alln > N,

=€ p(E(v)) < Z::Ol %(I)IE(”(Sir) < sH(E(U))‘

WE) =T wrrdagy o u(E)

Proof: Since ju is nonatomic and conservative for the T-action, we may apply
the Hurewicz ergodic theorem to see that the expression in the central inequality
tends to pu(E(v))/p(E) almost everywhere as n — oo. By Lusin’s theorem, almost
everywhere convergence implies uniform convergence off a set of arbitrarily small
measure. That is, we may delete from E a set Fj of measure less than ¢ such
that the convergence is uniform outside Ej. The Lemma now follows. |

Now we may apply Rokhlin’s Lemma to the transformation S, the integer N
and the set £ — Ey. We obtain

LEMMA 6.3: There exists a subset F of E— Ey, of positive measure, a finite set of
integers {N,, : w € W}. with each Ny, > N, and a finite partition {F,, : w € W}
of F such that:

(i) The sets {S/F, : 0 < j < Ny, w € W} are disjoint subsets of E.

(ii) Each S7F,, is included in some E(v).
(ili) For eachveVand we W, |{j: S'F, C E(v)}| > |V|.
(iv) Forall.r € F,,w e W,
J J J
o M5 Fy) < ds’p 2) < (ST Fy)
(Fu) du m(F)
(v)
Upew UYL STF,
e < m(Uwew U ) <o
H(E)

The proof of this lemina is a standard application of Rokhlin’s Lemma. ]
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Keeping the notation from the previous two lemmas, we now define the ordered
multiple tower 7 = {n* : w € W}, supported in E — Ey, as follows:

(i) P(n)); := S'F,, 0 < i < N,.

(i) ¥, i(2) = Sz, z € S'F,.

(iit) 7 = {70 0 <4, j < Ny} weW.

Before proceeding with the construction of n — we have yet to equip it with
an order and a measure under which it is of constant Jacobian — let us record:

LEMMA 6.4:

e ME©) _ psupp(™) N E(v)) _ . p(EW))
wE) ~  plsupp(n™)) T w(E)
Proof: To see this, we start from the inequality in Lemma 6.2 for N, multiply
throughout by the denominator of the centre term, 3 &, ! Q—S—H(ar) and integrate
over F,,. We obtain an inequality of the form e™*A < B < e° A, where

[ wE@)dS'u _ p(E(v) w
A_/Fw i) > m (z)dp(z) = (E) p(supp(n™))

i=0
and
dS’ i w
()1 g (S'z)dp(z) = p(supp(n®) N E(v)).
Fy i=0
The Lemma now follows. [ |

Now, continuing with our construction of #, we equip it with an order:
(iv) Choose and fix any two vertices v, v € V.

For each w € W, assign a total order on the set AW = {i:0<1i< Ny} such
that

P, u,) = S'F, c E(v) and

u(S'Fy) < |V| p(supp(n™) N E(v))
and

P eran w) =S$'F, C E(') and

w(STFy) < |V| p(supp(n™) N E(')).

Finally, we need to define a measure v for which 7 is of constant Jacobian:
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(v) Take measure equivalent to u on supp(n), defined, for A C F, and
0<1< Ny, by ‘
~ nA)  w(S'Fu)
v(S'A) = .
()= oupp ) nF)
It is easy to see, with this definition, that for z € supp(7)

et < Zm(x) < €.

This completes the construction of . Now let us consider the refinement ¢ of
& by 1, as constructed in Section 5. We claim that

LEMMA 6.5: ForalveV,we W

#(supp(¢*) N supp(¢”))
po (supp(C*))
Proof: Combining the inequality of Lemma 6.4 with the above estimate for the

e” ", (supp(€7)) < < €™, (supp(€£")).

Radon-Nikodym derivative Z—Z, we obtain an inequality of the form e3¢ A4; <
B, < e% 4, where

. v(E(v) _ v(supp(n*) N E(v))
~ v(supp(n)) and - Br = v(supp(nw)

Since ( is of constant Jacobian with respect to y,, we have for all e € A™)

1, (5upp(C*) A P(€).)) = o (supp(n®) N E(v)>‘”;§fE(_§‘3§) '

Hence, summing over all e € A(*), we obtain

# (supp(C*) N supp(€Y)) = pu, (supp(n*) N E('U))%((Z(%)))'

By the previous lemma, the right hand side differs by a factor of at most e3¢ from

v(supp(n®))v(E(v)) u(P(£"))
v(supp(n)) w(E(w))’

In view of the fact that u and v coincide on the minimal edges, the above simplifies

to ,
v(supp(n*))
v(supp(n))
Now summing over all v € V, similar reasoning shows that

fu(supp(£”)).

po(supp(¢*)) = Y jr(supp(¢*) N supp(€"))

veEV
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differs by a factor of at most €3¢ from

y(supp
o (supp(€
“v(supp(n)) 126‘:,

Now, by Lemma 6.3 (iv), the sum differs by a factor of at most e® from u(supp(£))

= 1. Hence, p, (supp(¢*)) differs from v(supp(n™))/v(supp(n)) by a multiple of
at most e’

This gives the desired estimate. |

Proof of Theorem 1.1: We may assume without loss of generality that the
transformation is of type I11.

Let {A,}n>1 be a sequence of measurable sets generating the whole o-algebra,
and such that every set A, appears infinitely often in the sequence.

Choose a sequence (£,) such that 3 o &, < oc. It follows from Lemmas 6.1
and 6.2 that there is a sequence &,, of multiple towers with associated vertex sets
A, =V, and transformations S,; and a sequence of measures (u,) satisfying the
following conditions:

(i) £n+1 is a refinement of &,, for all (n > 1).

(ii) For each n, p, is of constant Jacobian with respect to &,.

(il) pn41 is a Markov extension of p,, (n > 1).

(iv) u(supp(€nt1)) > (1 = en)p(supp(&n))-

(v) e7en < %’:nﬂ(aﬁ) < efn, x € supp(€ns1)-

(vi) For each n, for all v € V, and for all w € V41,

Tew o __Hnrr(supD(6ryy) NsupP(Er)) e,

¢ = g1 (supp(€yy 1)) tins1(supp(€y)) ~

(vii) For each n, there are two vertices v,,v;, € V, such that every minimal
edge to level V4, starts from v,, and every maximal edge to level V,, 4, starts
from v},.

(viii) u{z € supp(&,) : Spx or S;; 'z is not defined} < e, p(supp(&n)).

(ix)

p{z € supp(&,) : Tz € Orbg, (x), for all i, —n <i<n} > (1—e,)pu(supp(&n)).

(x) A, is approximated by a union of levels of §, within &, in symmetric
difference of measure.

We set F = (o, supp(&n). Then by condition (iv), #(F) > 0 and hence, by
(viii), together with the Borel-Cantelli lemma, we have that for a.e. x € F'

{leél.:_OO<i<oo}:{Si;lt:—-Oo<i<OO}.
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where S is the associated transformation of &, which is consistently defined for
n on the set F.
Define

then the measure v is equivalent to y« on F' and the restriction of each &, on F
is of constant Jacobian with respect to v.

It is clear by (x) that one has a measure space isomorphism from the set F to
the Bratteli diagram X constructed from the ordered multiple towers &,,. each
restricted to F'. Furthermore, this diagram is essentially simple by condition (vii).
Moreover, by our construction, S is conjugate with the Vershik transformation,
and the push-forward measure of p by the conjugacy is a Markov measure on X.
By condition (vi) above, combined with Proposition 3.3 and Proposition 5.2, the
action of the associated Vershik transformation on X is uniquely ergodic for this
measure in the sense of G-measures.

Since any ergodic non-singular transformation of type /11 is orbit equivalent
with any of its induced transformations, T and S are orbit equivalent with each
other. Thus the proof of the theorem is complete. |

Actually, we have shown a little more. The Bratteli-Vershik system we have
constructed as a model for (X, B, 1, T) has the property that every vertex at level
n is connected to every vertex at level n + 1. It is not hard to see that this
implies that the only closed invariant sets in X are the empty set and X itself.
Furthermore, the condition that every maximal (respectively minimal) edge in
E(n) has a common source, v/, (resp. v,) guarantees by Corollary 2.1 that the
systein is topologically induced as a closed subset of a full odometer.

Thus we have shown:

COROLLARY 6.1: The Markov odometer constructed in the proof of Theorem
1.1 is a minimal homeomorphism for the topology of X. Furthermore, it is a
topologically induced transformation of a full odometer.
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